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1. Introduction 
This e-book is aimed at readers who are approaching “System Dynamics and Control Theory” for the first 

time or have a basic knowledge of this subject. For this reason, we will provide the reader all the required 

theoretical knowledge before moving to the practical examples shown in this document. If you are an 

expert in these fields, feel free to skip the theoretical explanation and focus on the more interesting 

practical examples solved with Altair ComposeTM. 

This text is not intended to replace any academic paper or book. 

Let’s get started! 

 

2. System Dynamics 
“System Dynamics” is the engineering discipline whose aim is to study the evolution of a system over time.  

The common graphical representation of a dynamic system is shown in Figure 1: 

 

Figure 1 - Dynamic System 

Each dynamic system is characterized by inputs and outputs, which are linked by a set of equations (most 

likely differential/finite difference equations). System Dynamics aims at modelling and solving this set of 

equations, in order to describe the evolution of the output for a certain input. 

Talking about System Dynamics, it’s useful to introduce some definitions: 

• Input: is something provided to a system. It could be a force for a mass-spring-damper system or 

a voltage for an RLC circuit; 

• State variable: is a variable that is used to describe the state of the system; 

• State: is the description of the system at a certain time, which is given by the values assumed by 

the state variables; 

• Output: is the result produced by a system from a certain input. It doesn’t have to coincide with 

the set of state variables. 

Now, before moving forward to the mathematical representation, it is necessary to classify the different 

types of systems we might face.   
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2.1. Linear and Nonlinear Systems 

The first classification refers to linear or nonlinear systems. You might have already read about linearity 

and nonlinearity during your student career. Typically, the behavior of a nonlinear dynamic system is 

described in mathematics by a nonlinear set of differential/finite difference equations. So, the unknowns 

appear as variables of a polynomial of degree higher than one or in the argument of a function which is 

not linear. 

On the contrary, a system is linear if the behavior can be described in mathematics by a linear system of 

equations. Moreover, the superposition principle applies to any linear system. Considering a linear 

function 𝐹 (which can be thought of as the describing equations which connect the input to the output of 

a linear system), the superposition principle can be defined through these two properties:  

𝐹(𝑢1 + 𝑢2) = 𝐹(𝑢1) + 𝐹(𝑢2) = 𝑦1 + 𝑦2 

𝐹(𝑎𝑢) = 𝑎𝐹(𝑢) = 𝑎𝑦 

where 𝑢 and 𝑦 are the input and output of the system respectively, and 𝑎 is a scalar.  

We will provide an example for both, a linear and a nonlinear system. Let’s start with the linear system 

and let’s consider a mass-spring-damper system, where 𝑚, 𝑘, 𝑏 are constant.  

Figure 2 - Mass-Spring-Damper System 

The equilibrium equation along the horizontal axis is: 

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐹 

As we can see the equation which describes the state of the system is a second order linear differential 

equation (�̈�, �̇�, 𝑥 are raised to the power of 1). Hence, the system is said to be linear. 

The most commonly known example of a nonlinear system is a pendulum. 

 

 

 

 

Figure 3 - Nonlinear 1D Pendulum 

https://en.wikipedia.org/wiki/Polynomial
https://en.wikipedia.org/wiki/Function_(mathematics)
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The equation of equilibrium around the hinge O reads: 

�̈� +
𝑔

𝑙
sin 𝛼 = 0 

Looking at the equation we realize that it is a nonlinear differential equation, since the zero-order 

derivative term α is an argument of a nonlinear function which is sin.  

2.2. Continuous and Discrete Systems 

The second classification is between continuous and discrete systems. A continuous (or analog) system is 

a system whose state variables change continuously over time. A discrete system is a system whose state 

variables change by discrete quantities only at a discrete set of points in time.  

So, the mathematical representation of continuous and discrete systems is completely different: 

 

Figure 4 - Continuous v Discrete Systems 

Again, we will provide an example for both, a continuous and a discrete system. 

 Exercise 1a 

Starting from a continuous system, we can look again at the mass-spring-damper system shown before. 

Let’s suppose we want to know the step response of the system. To achieve that, we can numerically solve 

with ode113 function this differential equation: 

𝑚�̈�1 + 𝑏�̇�1 + 𝑘𝑥1 = 𝐹 

Firstly, we must transform it into a system of first order differential equations: 

�̇�1 = 𝑥2  

�̇�2 =
1

𝑚
(𝐹 − 𝑏𝑥2 − 𝑘𝑥1) 

Then, we can write this script: 
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Graphically, we obtain: 

Figure 5 - Step Response of a Mass-Spring-Damper System 

 

The output 𝑥1 changes continuously from 0 to the static value 𝐹/𝑘 for each instant of time. Hence the 

system is said to be continuous. 

 Exercise 1b 

A popular example of a discrete system is the evaluation of fish populations. The number of fishes in a 

lake can increase or decrease by a discrete quantity and remains constant for a certain time. We can’t of 

course state that the population has grown of 100.87 fish! 

Let’s solve this simple exercise to better understand what a discrete system is. Consider a lake fish 

population which increases on average by 30% annually. Each year, fishing on the lake is allowed until 

1500 fish are caught. Thereafter, fishing is banned. Currently, there are 10,000 fish in the lake. How will 

the fish population evolve? 
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Let’s write the finite difference equation that describes the system: 

𝑓𝑘 = 𝑟𝑜𝑢𝑛𝑑(1.3𝑓𝑘−1) − 𝑓𝑐𝑎𝑢𝑔ℎ𝑡  

𝑓0 = 10000 

𝑓𝑐𝑎𝑢𝑔ℎ𝑡 = 1500 

Now, this simple script accomplishes the task: 

 

If we want to know the evolution of fish population for the next 3 years, we get: 

 

Figure 6 - Fish Population Growth 

We specify that year 1 is the starting year. 
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2.3. Time-Variant and Time-Invariant 

The third classification involves the time dependency of system parameters. In fact, a system whose 

outputs do not explicitly depend on time (system parameters are constant over time) is said to be “time 

invariant”. For example, the mass-spring-damper system is time-invariant if the parameters 𝑚, 𝑏, 𝑘 are 

not functions of time. 

On the contrary, a system whose outputs depend explicitly on time (system parameters are not constant 

over time) is said to be time-variant. For example, if we consider a space shuttle, its mass (which is a 

system parameter) decreases over time as fuel is consumed. Hence, it is a time-variant system. 

2.4. SISO, SIMO, MIMO, MISO 

The third classification depends on the number of the inputs and outputs of the system. Four different 

groups can be characterized:  

• SISO: Single Input, Single Output 

• SIMO: Single Input, Multiple Output 

• MIMO: Multiple Input, Multiple Output 

• MISO: Multiple Input, Single Output   

 

3. Continuous Dynamics 
We will now focus on continuous and linear time invariant (LTI) dynamic systems. 

Equation 1 is the common mathematical representation of a linear continuous dynamic system: 

𝑎𝑛

𝑑𝑦(𝑛)(𝑡)

𝑑𝑡𝑛
+ 𝑎𝑛−1  

𝑑𝑦(𝑛−1)(𝑡)

𝑑𝑡𝑛−1
+ ⋯ + 𝑎1�̇�(𝑡) + 𝑎0𝑦(𝑡) =

= 𝑏𝑚  
𝑑𝑢(𝑚)(𝑡)

𝑑𝑡𝑚 + 𝑏𝑚−1  
𝑑𝑢(𝑚−1)(𝑡)

𝑑𝑡𝑚−1 + ⋯+ 𝑏1�̇�(𝑡) + 𝑏0𝑢(𝑡) ,          𝑚 < 𝑛 

Equation 1 – Mathematical Representation of a Linear Continuous Dynamical Systems 

where 𝑦 is the output and 𝑢 is the input.  

In particular, 𝑦 will be a vector if we are handling a SIMO or MIMO system, while 𝑢 is a vector only for 

MIMO or MISO systems. Moreover, 𝑎𝑖 and 𝑏𝑖  (𝑖 = 0,1,… 𝑛) are constant coefficients. So, a continuous 

dynamic system is represented by a differential equation (or a set of differential equations).  
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3.1. System Analysis 

By handling and solving the differential equations, we will be able to determine the system properties and 

to compute: 

• Homogeneous Response: This response is fully determined by the system properties (its 

parameters). It represents the transient behavior of the system, e.g. it describes how the system 

gets back to equilibrium conditions, starting from not equilibrium initial conditions. In other 

words, it allows information to be gained about the nature of the system: stable or unstable, 

damped or not damped, responsiveness. 

• Step Response: The response of the system to a step reference. So, it describes how the system 

behaves when at a certain instant of time a constant reference is given as input. It is important to 

define some performance parameters of the system, like responsiveness and accuracy. Setting a 

constant speed in a cruise-control system is equivalent to a step response. 

• Frequency Response Function: The steady-state response of the system to a harmonic input in 

the whole frequency spectrum. It is helpful to determine which is the frequency working range 

and to eventually visualize dangerous resonance frequencies. Further details will be provided 

later. 

Firstly, let’s move to the methods applied to handle differential equations. 

 

 Laplace Transform 

The “Laplace Transform” is a powerful mathematical method to transform differential equations into, 

more easily to handle, algebraic equations. Through the Laplace Transform, a differential equation in time 

t is turned into an algebraic equation in complex variable s. 

Given a real function 𝑓(𝑡), its Laplace Transform is defined as: 

𝐹(𝑠) = 𝐿{𝑓(𝑡)}(𝑠) ≝ ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
+∞

−∞

 

where 𝑒 is Euler’s number. We are also moving from time domain to frequency domain. 

Although the hard-working reader might like some more detailed explanation about the Laplace 

Transform, here our aim is to see how it can be helpful to solve LTI differential equations. So, let’s apply 

it to a simple exercise. 

Given the second order differential equation: 

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 0, 

Applying the transform (with initial conditions equal to 0): 

𝑋 = 𝐿{𝑥} , 𝑠𝑋 = 𝐿{�̇�} , 𝑠2𝑋 = 𝐿{�̈�} , 
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 We get the algebraic equation: 

𝑚𝑠2𝑋 + 𝑏𝑠𝑋 + 𝑘𝑋 = 0. 

So, by using the Laplace transform we move from a differential equation to an algebraic one, which is 

easier to handle. 

Just to sum it up in a more effective way: 

Figure 7 - Laplace Transform 

 Initial and Final Value Theorem 

Once we evaluate 𝐿{𝑓}(𝑠) we can still have some partial information of the evolution of 𝑓(𝑡) in time 

domain, in particular for 𝑡 = 0 and 𝑡 → ∞. 

In fact, the initial value theorem states that: 

𝑓(0+) = lim
𝑠→∞

[𝑠𝐹(𝑠)] 

While the final value theorem states that: 

lim
𝑡→∞

[𝑓(𝑡)] = lim
𝑠→0

[𝑠𝐹(𝑠)] 

 Transfer Function 

A “Transfer Function” is a method to represent a linear dynamic system, using the s-variable of the Laplace 

Transform. It is defined as the ratio between the output and the input in s-domain. 

Applying the Laplace Transform to the Equation 1 of a SISO system, then proper handling the obtained 

algebraic equation, we get the Transfer Function of the system, as given in Equation 2:  

𝑌(𝑠)

𝑈(𝑠)
=

𝑏𝑚𝑠𝑚 + 𝑏𝑚−1𝑠
𝑚−1 + ⋯+ 𝑏1𝑠

1 + 𝑏0

𝑎𝑛𝑠𝑛 + 𝑎𝑛−1𝑠
𝑛−1 + ⋯+ 𝑎1𝑠

1 + 𝑎0
   ,                 𝑚 < 𝑛 

Equation 2 - Transfer Function 
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Moreover, transfer functions allow the direct computation of frequency response functions. [See: 3.1.10 

Frequency Response Function]. 

 Exercise 2 

Let’s move to a practical application: We want to compute the transfer function of the mass-spring-

damper system, where we recall the differential equation is:  

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝑓(𝑡) 

The transfer function is: 

𝑋(𝑠)

𝐹(𝑠)
=

1

𝑚𝑠2 + 𝑏𝑠 + 𝑘
 

Computing the transfer function in Altair ComposeTM is a trivial operation, and it’s done with the tf 

function: 

 

Running it, we read in the Command Window: 

 

We could have also defined it with symbolic algebra through the Laplace variable s: 

 

 Proper and Improper Transfer Function 

Let’s quickly discuss this classification: A proper transfer function is a transfer function whose degree of 

the numerator is lower or equal to the degree of the denominator. Whereas, an improper transfer 

function is a transfer function whose degree of numerator is higher than the degree of the denominator.  

An improper transfer function describes a non-causal system, which is a system whose outputs depend 

also on future inputs. Classical physics systems are typically causal. Therefore, we will focus on proper 

transfer functions. 
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 Poles and Zeros 

Factoring the numerator and the denominator of Equation 2, we come up with: 

𝑌(𝑠)

𝑈(𝑠)
= 𝐾

∏ (𝑠 − 𝑧𝑖)
𝑚
𝑖

∏ (𝑠 − 𝑝𝑖)
𝑛
𝑖

 , 

where: 

𝐾 =
𝑏𝑚

𝑎𝑛
, is the gain factor; 

𝑧𝑖 (𝑖 = 1,2… 𝑚) are the zeros; 

𝑝𝑖 (𝑖 = 1,2… 𝑛)  are the poles. 

The zeros and the poles are in general complex numbers, which define the behavior of the system. In 

particular, the denominator of the transfer function is called the characteristic polynomial. In fact, the 

poles (roots of the denominator) define the homogeneous response of the system, as given in Equation 

3: 

𝑦(𝑡) = ∑(𝐶𝑖𝑒
𝑝𝑖𝑡)

𝑛

𝑖

+ ∑(𝐶𝑘𝑡
𝑘𝑒𝑝𝑘𝑡)

𝑀−1

𝑘

 , 

Equation 3 - Homogeneous Response 

where 𝐶𝑖 and 𝐶𝑘 are constants determined by the initial conditions. Equation 3 is indeed the 

homogeneous solution of 𝑛-th order ordinary differential equations with real constant coefficients. In 

particular, the second summation is deleted if there are not coincident poles (𝑀). 

Trying to think of what our result will be is an important practice. Here, we might try to guess the type of 

homogeneous response employing two “mathematical definitions”: 

Fundamental theorem of algebra 

If the denominator is a polynomial with real constant coefficients, we can use a corollary of the 

fundamental theorem of algebra: 

“a polynomial with real constant coefficients admits real and/or complex conjugate roots” 

How is this statement helpful for us? The characteristic polynomial of physical systems has always real 

constant coefficients. So, applying this theorem to our physical systems, we expect to always have real 

and/or complex conjugate poles. 

Euler’s formula 

Euler’s formula states that for any real number d: 

𝑒𝑖𝑑 = cos 𝑑 + 𝑖 sin 𝑑 
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We also know from the exponential property that: 

𝑒𝑟+𝑖𝑑 = 𝑒𝑟𝑒𝑖𝑑 ,          𝑟, 𝑑 ∈ 𝑅 

So, with this formula we can guess qualitatively the type of homogeneous response expected: 

• A Real pole (or real part of a complex pole) corresponds to an exponential response (decay, if 

the pole is negative); 

• An Imaginary pole (or imaginary part of a complex pole) corresponds to an oscillating 

response. 

We might now realize that the poles are somehow linked to the stability of the system. If not, don’t panic, 

we are going to discuss it later. 

Finally, let’s say something about the zeros. The zeros are the roots of the numerator, so they are referred 

to the input. This means that the forced response of the system is also affected by the location of the 

zeros in the s-plane. They have to be considered when computing the frequency response function, as 

explained later.  

 Exercise 3 – Part 1 

Let’s consider this mass-spring-damper system: 

 

Figure 8 - Mass-Spring-Damper System 

whose differential equation is: 

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐹, 

knowing that the natural frequency is 𝜔𝑛 = √
𝑘

𝑚
  and the damping ratio is 𝜉 =

𝑏

2𝑘𝜔𝑛
 .  

We define the parameters in Altair ComposeTM:  
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We want to compute the transfer function and determine the poles.  

We can use the functions tf and pole: 

 

Once we run the script if we type sys in the command window we get: 

 

Instead, typing poles: 

 

We have two complex conjugated poles with negative real part. So, as previously reported, we expect an 

oscillating homogeneous response with exponential decay. But we will figure it out in the next exercise. 

 Homogeneous and Step Response 

The homogeneous response of the system, also known as natural response, is the response of the 

unforced system. So, it depends only on the property of the system. If we consider our system a black box 

and can somehow measure its homogeneous response, we can get an idea of the system properties. 

Instead the step response of the system is the response to a step-shaped input. It’s commonly computed 

because it is used to define the performance of the system, in terms of overshooting, rise time and settling 

time. In fact, in Control Theory we usually try to modify the properties of the system in order to improve 

them. 
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 Exercise 3 – Part 2 

In the previous part of the exercise we computed the poles and tried to guess the type of homogeneous 

response.  Let’s figure out if we made a good guess by employing the lsim function to numerically compute 

the homogeneous response: 

 

What we get by running it: 

 

Figure 9 - Homogeneous Response of the Mass-Spring-Damper System 

We obtain exactly the type of response we were expecting! 

At this point, Altair ComposeTM helps us to move a step forward. In fact, once we obtain the transfer 

function of the system, we might also want to know its step response, which is one of the responses 

typically analyzed for the optimization of the system parameters.  
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We can achieve that with the step function: 

 

What we get is: 

 
Figure 10 - Step Response of the Mass-Spring-Damper System 

We specify that the step function returns the unitary step response. 

 Frequency Response Function 

The frequency response function, known as the FRF, is the measure of the steady state magnitude and 

phase of the ratio between the output and the input, as a function of frequency: 

𝐻(𝜔) =
𝑌(𝜔)

𝑢(𝜔)
 

As we are referring to steady state conditions, the FRF has physical meaning only for stable systems (we 

will see later what stability is). 

Why do we need to compute that? Because the FRF is helpful to understand some dynamical properties 

of the system, such as the frequency band (which is the range over which the system is considered to 

provide satisfactory performance, as it reacts as in the static scenario) and the resonance frequencies.  

How do we graphically represent it? We use the Bode plot, which is a combination of a Bode magnitude 

plot, expressing the magnitude (usually in decibels) of the frequency response, and a Bode phase 

plot, expressing the phase shift. It is important to say that the phase shift divided by the related frequency 

gives information about the output time delay respect to the input at that specific frequency value. 

https://en.wikipedia.org/wiki/Decibel
https://en.wikipedia.org/wiki/Phase_(waves)
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Since we want to know the effect of the frequency of the input on the output value, it is a smart idea to 

compare it with the static value (when frequency is 0). For example, if we want to know the FRF of the 

spring displacement, we will draw in the Bode magnitude plot the quantity 
𝑋

𝑋𝑠𝑡
(𝜔), where 𝑋𝑠𝑡 is the static 

displacement 𝐹/𝑘. 

Do we know if the FRF we compute with our scripts is reasonable? Yes, we do. Looking at the poles and 

the zeros of the system, we can forecast the asymptotic shape of the Bode plot. We can sum up all the 

rules to define the asymptotic plot in Table 1. 

Term Magnitude Phase 

Constant   

K 20log10(|𝐾|) 
𝐾 > 0: 0° 

𝐾 < 0:−180° 

Real Pole   

1
𝑠

𝜔⁄ + 1
 

Horizontal low frequency asymptote at: 

0dB 

Oblique high frequency asymptote: -

20dB/dec 

Connects asymptotes at: 𝜔 

Horizontal low frequency asymptote: 0° 

Horizontal high frequency asymptote: -90° 

Connects asymptotes with a  

vertical line at: 𝜔 

Real Zero   

𝑠
𝜔⁄ + 1 

Same as the real pole but: 

Oblique high frequency asymptote: 

+20dB/dec 

Same as the real pole but: 

Horizontal high frequency asymptote: +90° 

Integrator   

1/𝑠 
Oblique line (-20dB/dec), crossing 

frequency axis at 𝜔 = 1 

Horizontal line at: -90° 

Differentiator   

𝑠 
Same as integrator but: (+20dB/dec) 

 

Same as integrator but: +90° 

 

Underdamped Poles   

1

(
𝑠
𝜔

)
2
+ 2𝜉 (

𝑠
𝜔

) + 1
 

0 < 𝜉 < 1 

Horizontal low frequency asymptote at: 

0dB 

Oblique high frequency asymptote: -

40dB/dec 

Connects asymptote at: 𝜔 

If 𝜉 ≥ √2/2 : no peak 

Horizontal low frequency asymptote: 0° 

Horizontal high frequency asymptote: -180° 

Connects asymptotes with a  

vertical line at: 𝜔 

Underdamped Zeros   

(
𝑠

𝜔
)

2

+ 2𝜉 (
𝑠

𝜔
) + 1 

0 < 𝜉 < 1 

Same as the Underdamped poles but: 

Oblique high frequency asymptote: 

+40dB/dec 

Same as the underdamped pole but: 

Horizontal high frequency asymptote: 

+180° 

Table 1 - Determination of Asymptotic Bode Plot 

Figure 11 shows the Bode Asymptotic plots. Note that critically damped and overdamped systems can be 

taken back to the case of real poles/zeros. As an example, Figure 12 shows the asymptotic bode plot of 

the mass-spring-damper system [See: definition in Exercise 3 – Part 1]. 
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Figure 11 - Asymptotic Bode Sketches  

 

Figure 12 - Asymptotic Bode Plot of Mass-Spring-Damper System 

We have just applied the “Underdamped Poles” rule from Table 1, since the Transfer Function of our 

system can be written as: 

𝑋(𝑠)

𝐹(𝑠)/𝑘
=

𝑋(𝑠)

𝑋𝑠𝑡(𝑠)
=

1

(
𝑠

𝜔𝑛
)
2
+ 2𝜉 (

𝑠
𝜔𝑛

) + 1
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So far, we have seen how it is possible to get the asymptotic frequency response function from the 

transfer function, from the rules provided in the Table 1. But how can we get the actual frequency 

response function? 

We just have to replace 𝑠 with 𝑗𝜔 (where 𝑗 is the complex variable) in the transfer function and rearrange 

the complex expression we get into a modulus and a phase form (known as polar form). As an example, 

let’s do it for the mass-spring-damper system. We replace 𝑠 with 𝑗𝜔 in the previous equation: 

𝑋(𝜔)

𝑋𝑠𝑡(𝜔)
=

1

(
𝑗𝜔
𝜔𝑛

)
2

+ 2𝜉 (
𝑗𝜔
𝜔𝑛

) + 1

=  
1

1 −
𝜔2

𝜔𝑛
2 + 2𝜉𝑗 (

𝜔
𝜔𝑛

)
 

Now we can compute the modulus and the phase and get the canonical form of the FRF: 

|
𝑋(𝜔)

𝑋𝑠𝑡(𝜔)
| =

1

√(1 −
𝜔2

𝜔𝑛
2)

2

+ (2𝜉
𝜔
𝜔𝑛

)
2

    ,     𝜑 = − tan−1 (
2𝜉

𝜔
𝜔𝑛

1 −
𝜔2

𝜔𝑛
2

) 

 Exercise 3 – Part 3 

As seen, the transfer function is an extremely convenient representation of the system if we need to 

compute the frequency response function (FRF) of our system and represent it through the Bode plot. 

Let’s compute the dimensionless FRF of the mass displacement (output) with respect to the force (input): 

𝐹𝑅𝐹(𝜔) =
𝑋(𝜔)

𝐹(𝜔)/𝑘
=

𝑋(𝜔)

𝑋𝑠𝑡(𝜔)
 

We can easily do that using bode function: 

Running it, we obtain: 
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Figure 13 - Bode Plot of the Mass-Spring-Damper System 

Keeping in mind the rules listed in Table 1, we can verify if what we obtain is reasonable. Our system is 

characterized by two complex conjugate poles, so we expect: 

1. For the magnitude, a horizontal asymptote at 0dB (low frequency asymptote) and a -40dB/dec 

oblique asymptote starting at  𝜔𝑛 (high frequency asymptote); 

2. For the phase, a low frequency horizontal asymptote at 0° and a high frequency horizontal 

asymptote at -180°. 

So, the asymptotic Bode plot is exactly the one we see in Figure 12. 

Now let’s consider a group of points in the plot to compute the relative time response. Firstly, let’s select 

the point with this script: 
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This time we do not use the dimensionless Bode plot, instead we use a linear scale on the y axis to facilitate 

the reading. In the y axis of the Bode magnitude plot we have a displacement over a force, which means 

[m]/[N]: 

𝐹𝑅𝐹(𝜔) =
𝑋(𝜔)

𝐹(𝜔)
 

 

 

Figure 14 – Picking Frequency in the Bode Plot 

Since we are no longer using a logarithmic scale on the y axis, the Magnitude peak corresponding to the 

resonance frequency is more visible. 

Now let’s plot the time responses (Figure 15) with this script: 

 

We see that below the resonance frequency the recorded amplitude of displacement is equal to the static 

one (we are still within the frequency band of the system). At the resonance frequency, the amplitude of 

displacement is bigger than the static one. And finally, above the resonance frequency the amplitude of 

displacement is much smaller than the static one: the system is not responding anymore. 
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Figure 15 - Harmonic Response in Time Domain, for Various Frequencies 

We also notice that the higher the frequency, the higher the phase shift becomes (as visible in the Bode 

plot) and hence, the time delay of the output with respect to the input force. In particular, looking at the 

phase subplot of the Bode plot we can get the time delay (of the output with respect to the input) for 

each frequency  𝜔 through: 

𝑑𝑒𝑙𝑎𝑦 =  
𝜑(𝜔)

𝜔
 

Finally, the reader might want to try to decrease the damping to better visualize the peak in Magnitude 

corresponding to the resonance frequency (Figure 13 or Figure 14). Here, for example, we see what we 

get for 𝑏 = 0.5: 
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Figure 16 – Effect of Decreasing Damping 

 Stability 

There are many definitions of stability in literature, along with different criteria to verify it. While the 

reader may wish to study these different criteria and definitions, here we apply:   

• A linear time invariant system is “Asymptotically Stable” if the natural response approaches zero 

as time approaches to infinity. 

• A linear time invariant system is “Unstable” if the natural response grows without bound as time 

approaches to infinity. 

• A linear time invariant system is “Marginally Stable” if the natural response neither decays nor 

grows but remains constant or oscillates as time approaches to infinity. 

If the system poles are in the left-half of the s-plane (complex plane), hence have a negative real part, the 

system is asymptotically stable (if they have a positive real part the system is unstable).  

Figure 17 - s-plane Stability Representation 
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So, we can compute the poles and then verify pole-by-pole if they lie on the left-half of the complex plane. 

Luckily, in Altair ComposeTM there is specific function, called isstable, which does it for us, and returns 

true if the system is stable.  

 Exercise 3 – Part 4 

Applying isstable to our example of mass-spring-damper system through this script: 

 

 

 

For our mass-spring-damper system this script prints on the screen the string “Stable system”. In fact, if 

we plot its poles and its homogeneous response: 
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Figure 18 - Root Locus and Homogeneous Response of the Mass-Spring-Damper System 

 

We see that they are located on the left-hand size of the s-plane and that the homogeneous response 

approaches zero as time approaches infinity. 

It can be demonstrated that the poles of our mass-spring-damper system are given by: 

𝑝1,2 = −𝜉𝜔𝑛 ± 𝜔𝑛√𝜉2 − 1 

In particular, if 0 < 𝜉 < 1: 

𝑝1,2 = −𝜉𝜔𝑛 ± 𝑖𝜔𝑛√1 − 𝜉2 

So, if we compute the modulus, which represents the distance of the poles from the origin in the Complex 

plane: 

|𝑝1,2| = √(−𝜉𝜔𝑛)2 + 𝜔𝑛
2(1 − 𝜉2) = 𝜔𝑛 

We obtain the natural frequency. 

Hence, since this is true for the full range 0 < 𝜉 < 1, changing the 𝜉 we see that the poles describe a circle 

(actually a portion of it) in the Complex plane, whose radius is exactly the natural frequency 𝜔𝑛. 

We can see that with the animated plot created by this Altair ComposeTM script, along with a plot of the 

homogeneous response for each damping ratio. 
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In  Figure 19, we see the different time frames of the animation: 
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Figure 19 – Effect of Damping Ratio on Root Locus and Homogeneous Response  

The previous considerations allow us to do a bit of system identification.  

Let’s suppose that someone provides us the location of the poles in the Complex plane. Firstly, we can 

measure the distance of them from the origin (𝐴𝑂̅̅ ̅̅ ) to get the natural frequency. Then we can measure 

the real part 𝐵𝑂̅̅ ̅̅  (absolute value) and dividing it by the value of the natural frequency we obtain the 

damping ratio  𝜉 =
|𝐵𝑂|̅̅ ̅̅ ̅̅

𝐴𝑂̅̅ ̅̅
. 

Figure 20 - Root Locus Schematic 
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 State Space 

Let’s now introduce another way of handling Equation 1. Different from Transfer Functions, the State 

Space representation is a time-domain approach used for linear systems. The reader might now ask why 

use a time-domain approach to tackle differential equations when the Laplace Transform and Transfer 

Functions obtain easy algebraic equations? Because the time-domain approach is extremely efficient 

when a system has multiple inputs and/or outputs. 

In fact, if we have a system with 𝑞 inputs and 𝑝 outputs we would have to evaluate 𝑞 x 𝑝 Transfer 

Functions! Instead with the time State Space representation we can handle all the inputs and outputs with 

two matrix equations.  

Firstly, recalling the definition of state variable: The state variable is one of the set of variables that are 

used to describe the state of the system. The number of state variables required to fully described the 

system coincides with the order of the system. In addition to that the choice of the state variables is 

arbitrary and does not affect the properties of the system. 

Once we define our state variables, starting from Equation 1 and manipulating it a little bit, we come up 

with the general State Space representation of the system, which is: 

�̇�(𝑡) = 𝐴(𝑡)𝒙(𝑡) + 𝐵(𝑡)𝒖(𝑡) 

𝒚(𝑡) = 𝐶(𝑦)𝒙(𝑡) + 𝐷(𝑡)𝒖(𝑡) 

where: 

𝒙 is the state vector. The vector that contains all the state variables; 

𝒚 is the output vector; 

𝒖 is the input vector; 

𝐴 is the state matrix; 

𝐵 is the input matrix; 

𝐶 is the output matrix; 

𝐷 is the feedthrough matrix. 

Let’s now complete a simple exercise to become familiar with this approach. Being the first time we are 

using it, let’s consider a SISO system even though this approach is more effective with SIMO or MIMO 

systems. Using our well-known mass-spring-damper system: 

𝑚�̈�(𝑡) + 𝑏�̇�(𝑡) + 𝑘𝑥 = 𝑓(𝑡) 

Firstly, let’s solve it for �̈�(𝑡): 

�̈�(𝑡) = −
𝑏

𝑚
�̇�(𝑡) −

𝑘

𝑚
𝑥(𝑡) +

1

𝑚
𝑓(𝑡) 
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Then, let’s add the identity equation: 

�̈�(𝑡) = −
𝑏

𝑚
�̇�(𝑡) −

𝑘

𝑚
𝑥(𝑡) +

1

𝑚
𝑓(𝑡) 

�̇�(𝑡) = �̇�(𝑡) 

We can now introduce the state vector: 

𝒙(𝑡) = {
�̇�(𝑡)
𝑥(𝑡)

} 

Hence, we can rewrite the system in a matrix format: 

�̇�(𝑡) = [
−𝑏

𝑚

−𝑘

𝑚
1 0

] 𝒙(𝑡) + [
1

𝑚
0

] 𝑓(𝑡) 

Maybe, unconsciously, we have now found the first matrix equation of the general State Space 

representation of the system, with: 

𝒙(𝑡) = {
�̇�(𝑡)
𝑥(𝑡)

} ,       𝑢 = 𝑓(𝑡) 

𝐴 = [
−𝑏

𝑚

−𝑘

𝑚
1 0

]          ,          𝐵 = [
1

𝑚
0

]          

It is important to notice that, even if the state vector 𝒙 describes the complete internal behavior of a State 

Space system, usually it is not possible to directly measure all the components of 𝒙 or just not required. 

Hence, the output vector 𝒚 might not coincide with 𝒙. For this case, let’s say that we are only able to 

measure the displacement of the mass.  

So: 

𝑦 = [0 1]𝒙(𝑡); 

where: 

𝐶 = [0 1]        ,        𝐷 = 0 

If, on the other hand, we were able to measure the full state we would have as matrix 𝐶 a 2x2 identity 

matrix. 
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 Exercise 4 

Can we represent a system in the State Space form in Altair ComposeTM? Yes, with the function ss. Let’s 

see how, considering the same mass-spring-damper system. Once we run it, we read in the command 

window: 

 

 Eigenvalues and Eigenvectors 

From now on we will consider a linear time invariant (LTI) system. 

The reader might ask why it is convenient to turn a differential equation (or a system of differential 

equations) into a matrix format? One reason is because we can easily find the poles of the system. We 
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recall that the poles of the system fully determine its natural response, so let’s consider the unforced 

system: 

�̇�(𝑡) = 𝐴𝒙(𝑡) 

We also remember that, as stated in the Transfer Function section, we expect a natural response of this 

type: 

𝒙(𝑡) = 𝒗𝒓𝑒
𝜆𝑡  

Whose derivative is: 

�̇�(𝒕) = 𝜆𝒗𝒓𝑒
𝜆𝑡  

Hence, Equation 4 gives: 

[𝐴 − 𝜆 𝐼]𝒗𝒓 = {0}  ,    𝐼 = 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 

Equation 4 - Eigenvalues Problem 

Solving this problem, we will find the 𝜆𝑖  , (𝑖 = 0,1,… 𝑛) eigenvalues and their relative 𝒗𝒓,𝒊 eigenvectors 

(also known as mode shapes). Each couple of 𝜆𝑖  and 𝒗𝒓,𝒊 is called 𝑖𝑡ℎ-mode of the system.  

Why are the eigenvalues important for us? Because they coincide with the poles of the system. 

Why are the eigenvectors important for us? Because they point at the direction in which the system is 

evolving in the phase space at each eigenfrequency. 

In addition to that, from Equation 4 we know that: 

𝑉−1𝐴𝑉 = 𝐷𝑒 , 

where: 

𝑉 is the matrix whose columns contains the eigenvectors 𝒗𝒓,𝒊; 

𝐷𝑒 is diagonal matrix whose diagonal is made up of the eigenvalues 𝜆𝑖; 

This is true only if we can compute 𝑉−1, which means that det (𝑉) ≠ 0. This is equivalent to saying that 

all 𝒗𝒓,𝒊 are linear independent. If all the 𝜆𝑖  are distinct it can be proven that all the eigenvectors are linear 

independent. 

If the eigenvectors are independent, it means that they constitute a basis of a 𝑛-dimensional space. 

Consequently, any trajectory 𝒙(𝑡), at a certain time (t) can be defined as a linear combination of the 

eigenvectors: 

𝒙(𝑡) = ∑𝜷𝒊𝒗𝑟,𝑖

𝒏

𝒊

  ,       (𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑡ℎ𝑒𝑜𝑟𝑒𝑚) 
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Keeping this in mind, we can now introduce the direct modal transformation: 

𝒙(𝑡) = 𝑉𝜼(𝑡) , 

Where 𝜼(𝑡) is the vector of modal coordinates., we get: 

𝑉�̇�(𝑡) = 𝐴𝑉𝜼(𝑡) + 𝐵𝒖(𝑡) 

Left-multiplying by 𝑉−1 gives: 

𝑉−1 𝑉�̇�(𝑡) = 𝑉−1 𝐴𝑉𝜼(𝑡) + 𝑉−1 𝐵𝒖(𝑡) 

which is equal to: 

 �̇�(𝑡) = 𝐷𝑒𝜼(𝑡) + 𝑉−1 𝐵𝒖(𝑡)  . 

Decoupled, the equations are now easier to solve. Hence, we solve the matrix differential equation with 

modal coordinates and then we move back to state space variables as follows: 

𝒙(𝒕) = 𝑉𝜼(𝑡)  

Finally, we remind the reader that the trace of a square matrix, which is defined by the sum of the 

elements of the main diagonal, is also equal to the sum of eigenvalues. If apply this property to matrix 𝐴, 

we get: 

𝑡𝑟(𝐴) = ∑𝜆𝑖

𝑛

𝑖=1

 

And since the eigenvalues are real or complex conjugate, it holds that: 

𝑡𝑟(𝐴) = ∑𝑅𝑒(𝜆𝑖)

𝑛

𝑖=1

 

Why is it important? Because we can have information about the stability of the system just by looking at 

the trace of matrix 𝐴. 

In fact, it can be stated that: 

• 𝑡𝑟(𝐴) = 0 means that the system is not asymptotically stable; 

• 𝑡𝑟(𝐴) > 0 means that the system is unstable. 

 

 Exercise 5 

Let’s compute the eigenvalues and eigenvectors of matrix A, obtained in Exercise 4. We can do that with 

the eig function, as here shown: 
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Running it and typing diag(De,0) in the command window, gives: 

 

Which exactly coincide with the poles evaluated with the Transfer Function approach [See: Exercise 3 – 

Part 1)]. Instead typing 𝑉 we get the matrix of eigenvectors: 

 

They should be linear independent, since the eigenvalues are distinct, but let’s check it:  

 

In fact, we get:  

Finally let’s prove the property of eigenvalues and eigenvectors, typing inv(V)*A*V in the command 

window: 

 

Since for engineers 𝑒−16 is equal to 0, the matrix we get coincides with 𝐷𝑒 (matrix of eigenvalues). 
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 Phase Space 

The phase space is the space used to draw the trajectories of the system. The trajectories are made up of 

the state of the system at each instant of time. For example, in our mass-spring-damper system the 

trajectories are drawn in a plane where the y axis is �̇� and the x axis is 𝑥. 

 Exercise 6 

Let’s figure out how to plot the trajectories of our spring-mass-damper system, considering the 

homogeneous response. Let’s suppose that we have evaluated the state space representation. We can 

use this script: 

 

Figure 21 - Trajectory of Spring-Mass-Damper System 

Where, the blue point represents the starting state. 

It is extremely interesting to see how the trajectory changes if we impose different initial conditions. 
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We can use this script: 
 

 
 

The plot we get is: 

Figure 22 - Trajectories for Various Initial Conditions 
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So, no matter what the initial conditions are, the trajectory (of the free response) has always a spiral shape 

going to the origin. This is because the system is asymptotically stable, since its eigenvalues lie on the left-

half of complex plane. 

Finally, if we also want to know the time at which the system reaches the different states, we can do a 3D 

plot: 

 

 

Figure 23 - Trajectory with Addition of Time 

Where we can see that around 15 seconds, we reach the steady-state condition, which has x=0 [m] and 

xd=0 [m/s]. 
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 Altair ComposeTM Bridges Between Transfer Functions and State Space 

At this point, the reader should be able to use both the approach, s-domain or time domain. Anyway, 

Altair ComposeTM helps us by providing functions that allow easily to switch from one representation to 

the other.  

Let’s see how by considering the same mass-spring-damper example. 

 Exercise 7a 

Supposing that we evaluated the transfer function: 

𝑋(𝑠)

𝐹(𝑠)
=

1

𝑚𝑠2 + 𝑏𝑠 + 𝑘
 

If we want to move to the state space, we can just employ the tf2ss function (the dual function ss2tf is 

also available): 

 

If we compute the poles of the state space system, we find the same values to those of the transfer 

function system:  

 

 

One important thing to note is that the transfer function can only handle a SISO system. So, the matrix 

𝐶 we get in the state space representation has to be a row vector, in order to have a scalar output 𝑦(𝑡). 

In fact, looking in the Variable Browser, we see that 𝐶 is indeed a row vector. 
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 Exercise 7b 

Instead if we have a state space model with 1 input and 𝑝 outputs and we want to move back to transfer 

function domain we have to write 𝑝 transfer functions. Let’s consider the system defined in Exercise 4, 

but with 𝐶 matrix equal to: 

𝐶 = [
1 0
0 1

]          

We have two outputs, velocity and displacement. Let’s compute the 2 transfer functions using ss2tf and 

check if they are referred to a SISO system with issiso: 

 

We read in the command window: 



 

40 

So, both the transfer functions refer to a SISO system: 

• First one has Force as input and displacement as output; 

• Second one has Force as input and velocity as output. 

 Altair ComposeTM “Reverse Approach” 

Until now, we have always written the transfer functions or the matrix of state space, and then evaluated 

the zeros and/or poles. Is it possible to obtain the state space representation or the transfer function 

knowing the zeros, poles and gain K? Yes, with zp2tf and zp2ss. 

 Exercise 8 

Let’s suppose we somehow know in advance gain, zeros and poles of the second transfer function of 

Exercise 7b: 

 

We can obtain its transfer function using zp2tf and tf: 

 

If we run it, we see: 

 

If we want to go back to gain, zeros and poles we employ tf2zp: 

 

 

Finally, we can also obtain the related state space representation using zp2ss and ss: 
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 Application 1a – Passive Suspension (Single Damping) 

The task here is to solve the dynamics of a passive suspension, whose model is a two-mass-spring-damper 

system: 

Figure 24 - Simplified Suspension Model 

The two masses stay for: 

• Sprung mass: Represents ¼ of the vehicle chassis, a portion of suspension and driveline 

components supported by the springs; 

• Unsprung mass: Represents the wheel/tire, another portion of the suspension and the remaining 

portion of driveline components not supported by the springs. 

Instead for the springs and damper we have: 

• One spring and one damper in parallel – they represent the suspension vertical compliance; 

• Another spring – it represents the tire vertical compliance. 

The input of the system is the road vertical velocity. 

The state variables arbitrarily chosen are: 

1. tire deflection, 𝑥1 = 𝑧𝑢𝑠 − 𝑧𝑟𝑜𝑎𝑑; 

2. velocity of unsprung mass, 𝑥2 = �̇�𝑢𝑠; 

3. suspension stroke, 𝑥3 = 𝑧𝑠 − 𝑧𝑢𝑠; 

4. sprung mass speed, 𝑥4 = �̇�𝑠. 

The outputs coincide with the state variables. 

QUARTER CAR WITH PASSIVE SUSPENSION 
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The state space equations are: 

�̇�(𝑡) = [

0 1
−𝑘𝑢/𝑚𝑢 −𝑏𝑠/𝑚𝑢

0 0
𝑘𝑠/𝑚𝑢 𝑏𝑠/𝑚𝑢

0 −1
0 𝑏𝑠/𝑚𝑠

0 1
−𝑘𝑠/𝑚𝑠 −𝑏𝑠/𝑚𝑠

] 𝒙(𝑡) + [

−1
0
0
0

] �̇�𝑟𝑜𝑎𝑑(𝑡) 

𝒚(𝑡) = [

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

] 𝒙(𝑡) 

So, let’s write the state representation also in Altair ComposeTM: 

 

Now let’s find the poles, employing this time the damp function, which allows us to also know the natural 

frequencies and damping ratio of each mode: 
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The damp function allows us to find the natural frequencies, damping ratios and poles of the system. We 

can recognize the two modes of the system; natural frequency is roughly 1Hz and 10Hz, respectively. 

Furthermore, we can compute the homogeneous response to see how these two modes are combined 

for each state variable. But before that, let’s analyze the stability. 

We should see that the system is stable (negative real part of the poles), but let’s check it: 

 

We get: 

Let’s now compute the unitary pulse response (which is equivalent to a homogeneous response) of the 

system. We can generate the pulse input with the gensig function (or we can directly use impulse 

function), and then employ the already known lsim function: 
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Figure 25 - Impulse Response of Passive Suspension 
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From the impulse responses, we see that some of them are mainly determined by the first mode, others 

by the second and others by both. Let’s try to explain why.  

At this point, it is useful for the reader to remember the Expansion theorem as well as the modal 

transformation [See: 3.1.6 Eigenvalues and Eigenvectors]: 

𝒙(𝑡) = 𝑉𝜼(𝑡) 

where 𝜼(𝑡) is the vector of modal coordinates.  

Let’s compute the eigenvalues and eigenvectors of the state matrix 𝐴: 

 

 

How each state is affected by the modes can be seen by isolating each row of the eigenvector matrix. How 

each mode affects the response can be seen by isolating the first two columns for the second mode, and 

the last two columns for the first one. Thus: 

For the tire deflection, we have: 

 

So, we can see that the response is determined by both modes. 

For the unsprung mass velocity, we have: 
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So, we can see that the response is mainly determined by the two poles that belong to the second mode 

(whose natural frequency is roughly 10Hz). 

For the suspension stroke, we have: 

 

So, both modes contribute almost equally in the determination of the homogeneous response. 

Finally, for the sprung mass velocity, we have: 

 

If we want to analyze the comfort and safety of the car, we have to look at the acceleration of the sprung 

mass and the tire deflection. We have already plotted the impulse response of the tire deflection, let’s do 

the same for the acceleration of sprung mass. For his purpose we have to change the C matrix: 

𝑦(𝑡) = �̈�𝑠(𝑡) = [0 𝑏𝑠/𝑚𝑠 −𝑘𝑠/𝑚𝑠 −𝑏𝑠/𝑚𝑠]𝒙(𝑡) 

 

 

 

Let’s now move to the transfer function in order to compute the FRF, both for the acceleration and the 

tire deflection with respect to the road vertical velocity. Let’s start with the acceleration (we have already 

computed the bode plot): 
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And now let’s compute the transfer function and the FRF of the tire deflection with respect to road vertical 

velocity: 
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Figure 26 - FRF Tire Deflection 

Both FRFs exhibit two Magnitude peaks corresponding to the resonance frequencies of the two modes. 

In particular, for the acceleration the first peak is much higher than the second one, and hence it more 

negatively affects the car comfort. 

 Application 1b – Passive Suspension (Parameter Study) 

We might now be interested in understanding the effect of damping on an homogeneous response (in 

particular for sprung mass acceleration and tire deflection), pole locations and FRF. We just have to run 

this script and follow the instructions popping up in the command window: 
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This gives: 

Figure 27 - Root Locus with Different Viscous Coefficients 
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Figure 28 – Impulse Response (Sprung Mass Acceleration) with Different Viscous Coefficients 

 

Figure 29 - Impulse Response (Tire Deflection) with Different Viscous Coefficients 

 

Figure 30 – FRF (Sprung Mass Acceleration) with Different Viscous Coefficients 
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Figure 31 - FRF (Tire Deflection) with Different Viscous Coefficients 

So, we can see that increasing the damping: 

• Poles move to the left, hence their real parts decrease; 

• Homogeneous response of the sprung mass acceleration decays faster, but it has a greater 

maximum value, which is worse for the car comfort. A trade-off between time of decay and 

maximum value of acceleration has to be reached during the design stage (further considerations 

have to be made looking at the frequency domain). 

• Homogeneous response of the tire deflection decays faster, and its maximum (absolute value) 

seems almost unchanged. The reason why the maximum does not seem to change has to be 

sought in the value of the tire stiffness. This value is very high. Hence, increasing the damping 

coefficient improves the car safety (further considerations have to be made looking at the 

frequency domain). 

• FRFs get smoother. Hence both the comfort and safety are improved near to the resonances and 

worsen in the frequency range between the two resonance frequencies (in this range both FRF 

magnitudes are increasing). 

3.2. Control Theory 

“Control Theory” is a large engineering discipline that cannot be fully explored within this introductory 

book. Again, we will focus our effort on gathering all the basic knowledge the reader needs, before facing 

more advanced topics/projects. Also, the math gets complicated in places, so we are not showing the 

details of every example. Instead, we provide only the most important mathematical steps, focusing more 

on what they imply for the design of a control system. 

Now that we are able to study and obtain the properties of a system, let’s take a step forward and try to 

control it, using these defined terms: 

• Plant: The system we want to control.  

• Controlled system: The whole system made up of dynamic system, controller, transducers. 

Firstly, what does control a system mean? 
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It means that we want our system to behave according to defined references. There are different types 

of control, for example: 

• Generic reference: trajectory tracking, CNC machines, robotics; 

• Constant reference: vibration control, cruise control, etc. 

Before moving to the theory of control, it is useful to look at a very simple control system in order to have 

a clearer idea of what is going to be discussed later. 

 Exercise 9 

Let’s consider the example of the mass-spring-damper system. Starting from certain initial conditions we 

want the system to stabilize faster than the natural response.  

Figure 32 - Mass-Spring-Damper System 

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐹 

To achieve this, we can apply a force 𝐹 which depends on the whole state of the system (assuming it can 

be measured) with respect to a certain reference condition.  

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐾𝑑(�̇�𝑟𝑒𝑓 − �̇� ) + 𝐾𝑝(𝑥𝑟𝑒𝑓 − 𝑥) 

This reference condition reads 0 for both displacement and speed: We are designing an anti-vibration 

system. Hence: 

𝑚�̈� + (𝑏 + 𝐾𝑑)�̇� + (𝑘 + 𝐾𝑝)𝑥 = 0 

As we have some basics of system dynamics, we can easily see that we have changed some of the 

fundamental properties of the system (stiffness, damping) and consequently its dynamics. 

Let’s see how this anti-vibrating system is performing using the following script. 

Defining system parameters: 
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Writing the state matrix for both natural and controlled system: 

 

As a quick reminder, we set C = [ 0 1] because we just want to see what happens at displacement 𝑥. 

Defining the inputs (external forces not depending on control), initial conditions and building the state 

space representation: 

 

Looking for the poles and computing the response:  

 

Finally plotting results: 
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Figure 33 – Root Locus 

Figure 34 – Natural Response 

By implementing this strategy of control into the system, we are able to add artificial damping and 

stiffness. The resulting system stabilizes faster than the uncontrolled one. The reader is invited to change 

the value of 𝐾𝑝 and  𝐾𝑑 and see how they affect the location of the poles and the dynamic response. 

 Open-Loop Control 

The first classification we must mention is between “open loop” and “closed loop” control.  

Open-loop control (also known as feed-forward control) means that the control is independent of the 

output/s of the plant. The common representation of an open-loop controlled system is shown as: 
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Figure 35 - Open-Loop Block Diagram 

In the schematic our input/s are converted into commands by a pre-defined control map (controller) and 

given as input to the plant, which generates the desired output/s. The advantage of open-loop control is 

that it is extremely easy (and cheap) to realize, we just have to build the right map for the controller.  

But, as we can see, the actual commands received by the system are in general altered by a disturbance 

and this means that the outputs we get usually differ from the desired ones. So, the disadvantage is that 

our control of the system might be inaccurate, depending on the extent of disturbance.  

Moreover, as there is no feedback of the output, we are not modifying the properties of the system: an 

unstable system will remain unstable. 

 Closed-Loop Control 

On the contrary, closed-loop control is dependent on the output/s of the plant. As we use the plant 

outputs into our controller, we can ignore the disturbance. We can obtain output values closer to the 

desired ones (increased accuracy).  

As nothing is free, what is the cost compared with open-loop control? It’s a bit harder (and less cheap) to 

realize.  We show here a schematic of a typical closed-loop control: 

Figure 36 – Closed-Loop Block Diagram 

As we can see, this time there is one more block: the transducer, which is used to track the plant output/s. 

The feedback coming from the transducer is subtracted from the input reference to determine the error, 

which represents the actual input of the controller. At this point (as before) the controller produces a 

command that, altered by the disturbance, is sent to the plant which gives back the output. 
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Actually, in Figure 36 the feedback is the sum of the measured output and the measure noise. This will 

affect the properties and the performance of the system. But from now on we will not consider the 

measured noise; discussion of this can be found in more advanced books. 

The closed-loop control is also known as “feedback control”. Sometimes it can be combined with the feed-

forward control to improve the performances of the plant.  

 Classical Control 

Classical control theory is the branch of Control Theory which implements the feedback control using a 

PID controller. 

When studying single-input single-output linear time-invariant systems, it is convenient to use Laplace 

Transform. 

• Why Laplace Transform? Because this branch was developed when computers were not as 

popular or powerful as today. So, the Laplace Transform was the only way to easily hand-solve 

differential equations.  

• Why do we still use it even if we have powerful computer? Because it is still good enough in 

many applications (PID controllers are quite common) and allows us to do some manual useful 

math to tune controllers without totally relying on computers. It also provides tools to solve 

problems like excessive overshooting or low rise-time using some intuition and simple algebra. 

• Any limitations? Yes, Laplace Transform can only handle LTI single-input single-output systems. 

For MIMO system it is more convenient to switch to Modern Control and state space 

representation. 

3.2.4.1. Open-Loop and Closed-Loop Transfer Function 

Let’s focus now on closed-loop control and LTI systems. We will try to provide a simple and clear “recipe” 

to design a control system. 

Let’s consider this general representation: 

 

Figure 37 – Closed-Loop Controlled System Block Diagram 

In this case we are not considering the disturbance and we include in 𝐺(𝑠) both the transfer function of 

the controller and that of the plant.  
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First step: We can compute the open-loop and closed-loop transfer function (for simplicity, we are 

omitting in places the Laplace variable, s): 

𝐺𝑂𝐿(𝑠) ≝
𝐹𝐵(𝑠)

𝐸(𝑠)
= 𝐺𝐻 

𝐺𝐶𝐿(𝑠) ≝
𝑌(𝑠)

𝑋(𝑠)
=

𝐸(𝑠)𝐺(𝑠)

𝐸(𝑠) + 𝐹𝐵(𝑠)
=

𝐸𝐺

𝐸(1 + 𝐺𝐻)
=

𝐺

1 + 𝐺𝐻
 

Rewriting 𝐺𝐶𝐿  as: 

𝐺𝐶𝐿(𝑠) ≝
𝑌(𝑠)

𝑋(𝑠)
=

𝐺

1 + 𝐺𝑂𝐿(𝑠)
 

This equation is the justification of the fact we compute the open-loop transfer function even if we are 

designing a closed-loop control system.  Indeed, the open-loop transfer function determines some 

properties of the controlled system.  

Second step: What happens if  𝐺𝑂𝐿 = −1 for some value of  𝑠?  

The system will be unstable, since the closed-loop transfer function 𝐺𝐶𝐿(𝑠) will tend to infinity. Therefore, 

to prevent system instability we need to avoid 𝐺𝑂𝐿 having a value of -1.  

This means we have to verify that 𝐺𝐻 ≠ −1 for any value of 𝑠. As we are talking about transfer functions 

and Laplace variable, we are referring to the frequency domain. Hence the instability condition is 

equivalent to: 

|𝐺𝐻| = 1 

arg(𝐺𝐻) = 𝜑 = −180° 

Ensuring a certain distance from this condition will guarantee stability. For this reason, we define two 

parameters called “Gain Margin” and “Phase Margin”. However, before defining them, it is useful to 

visualize (Figure 38) the Bode plot of the open-loop transfer function:  

Figure 38 – Bode Plot of Open-Loop Transfer Function 
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The Gain Margin is defined as the vertical distance (measured in dB) from the horizontal axis when the 

phase 𝜑 is equal to -180°. 

Whereas, the Phase Margin is defined as the vertical distance (measured in °) from the -180° horizontal 

line when the modulus |𝐺𝐻| is equal to 0dB. 

Plotting them on the previous Bode plot: 

 

Figure 39 – Gain and Phase Margin 

As a rule of thumb, a good choice is to set the values as: 

Gain Margin = 6 ÷ 10 dB 

Phase Margin = 50° ÷ 60° 

Before moving to the next step, there is another important consideration. We showed that we need to 

analyze the open-loop transfer function to verify the stability of our system. But, can we identify what is 

really affecting the stability inside the open-loop transfer function? How can we change the phase and 

gain margins? 

Remembering that 𝐺𝑂𝐿(𝑠) = 𝐺𝐻, we can state that we need to focus on 𝐺, since 𝐻 is the transfer function 

of the feedback which usually is unitary (most of the time we neglect the delay) depending on the 

hardware we are using. Whereas 𝐺 includes the plant transfer function, which we cannot change (our 

purpose is to control the plant) and the controller transfer function. 

This leads to the conclusion that acting on the controller we can vary the Gain and Phase Margins. 

Third step: We insert the disturbance, which we have neglected so far: 
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Figure 40 - Closed-Loop Block Diagram with Disturbance 

Looking at the block diagram, we can write these two equations: 

[𝐸(𝑠)𝐺𝑐(𝑠) + 𝐷(𝑠)]𝐺𝑝(𝑠) = 𝑌(𝑠) 

𝐸(𝑠) = 𝑋(𝑠) − 𝐻(𝑠)𝑌(𝑠) 

We are interested in 𝑌(𝑠) as a function of 𝑋(𝑠) and 𝐷(𝑠). It can be obtained by handling the previous two 

equations (or alternative using the superposition principle): 

𝑌(𝑠) = {[𝑋(𝑠) − 𝐻(𝑠)𝑌(𝑠)]𝐺𝑐(𝑠) + 𝐷(𝑠)}𝐺𝑝(𝑠) 

𝑌(𝑠) =  
𝐺𝑐𝐺𝑝

1 + 𝐺𝑂𝐿
𝑋(𝑠) + 

𝐺𝑝

1 + 𝐺𝑂𝐿
𝐷(𝑠)       ,           𝐺𝑂𝐿 = 𝐺𝑐𝐺𝑝𝐻 

Rearranging gives: 

𝑌(𝑠) =  𝐺𝐶𝐿(𝑠)𝑋(𝑠) + 
1

𝐾(𝑠)
𝐷(𝑠)          ,           𝐾(𝑠) =

1 + 𝐺𝑂𝐿

𝐺𝑝
      

where 𝐾(𝑠) is the dynamic stiffness of our controlled system with respect to the disturbance.  

The higher the stiffness, the lower the effect of disturbance on the output. Hence the system becomes 

more robust. 

Also here, it is interesting to see how we can act on the dynamic stiffness 𝐾(𝑠). For the same reason given 

previously (stability), we can modify the stiffness acting on the controller. We need to tune the controller 

in order to get an open loop transfer function whose amplitude in the Bode diagram is high. 

3.2.4.2. PID Control 

PID control is one of the most common types of control.  It stands for: 

P = Proportional  

I = Integrative  

D = Derivative 
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What is the role of each term? 

• Proportional: takes into account the current error. It generates a control force which is 

proportional to the current error. A high proportional gain determines a high responsiveness of 

the system (and also disturbance rejection): 

𝑢𝑐,𝑃(𝑠) = 𝐾𝑝𝐸(𝑠) 

 

• Integrative: takes into account the cumulative sum of past errors: 

𝑢𝑐,𝐼(𝑠) = 𝐾𝑖

𝐸(𝑠)

𝑠
 

It is used to remove the residual state-error that occurs with a pure proportional controller, [See: 

3.2.5.1 Steady State Error]. As a drawback, it might introduce overshooting or instability. 

 

• Derivative: takes into account the rate of change of the error: 

𝑢𝑐,𝐷(𝑠) = 𝐾𝑑𝑠𝐸(𝑠) 

It is used to smooth the oscillations, but it amplifies high frequency signals, e.g. high frequency 

disturbance. For this reason, the derivative term also includes a low-pass filter (to be shown later). 

Let’s consider the block diagram representing PID without the low pass filter for the derivative term: 

Figure 41 – PID Block Diagram 

 

Figure 42 – PID Gain Terms (Without Low-Pass Filter) 



 

61 

We can write the transfer function of the controller command respect to the error: 

uc(s)

E(s)
=

Kds
2 + Kps + Ki

s
 

We can see that the PID transfer function is improper [See: 3.1.5 Proper and Improper Transfer Function]. 

Let’s now consider the real block diagram of the PID: 

 

Figure 43 - PID Gain Terms with Low-Pass Filter 

Now in the derivative branch there is a first order low-pass filter whose cut-off frequency is ω. It is clearer 

to see it if we compute the transfer function connecting the input and the output of the derivative branch: 

uc,D(s)

E(s)
=

Kds
s
ω

+ 1
 

Hence the output signal of the derivative branch is a filtered (past) derivative instead of a pure derivative. 

And the transfer function of the PID becomes: 

uc(s)

E(s)
=

(Kd +
Kp

ω
) s2 + (Kp +

Ki
ω

) s + Ki

s (
s
ω

+ 1)
 

which we can see it is no longer improper.  

 Exercise 10 

Let’s plot the bode diagram of the PID transfer function (without the first order low-pass filter): 
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Figure 44 – PID (Without Low-Pass Filter) Bode Plot  

As explained before, if we are not including the low-pass filter term then the high frequency signals are 

amplified by the derivative term. We could have expected that since the order of the numerator with 

respect to the variable s is higher than the denominator. 

Let’s introduce the low-pass filter to prevent this unwanted effect. We can this time use the pid function: 

 

 

Figure 45 – PID Bode Plot 
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This time there is a horizontal asymptote for high frequencies due to the low-pass filter. 

3.2.5.1. Steady State Error 

Let’s now consider the mass-spring-damper system and apply a PID control in order to control the position 

of the mass with respect to a reference signal. The block diagram of the controlled system is: 

 

Figure 46 – Block Diagram of a Controlled Mass-Spring-Damper System 

We are interested in the static performances (equivalent to steady state). In particular, we want to analyze 

the static accuracy of the controlled system with respect to a reference signal equal to a unit step. 

In the first case we are only using a proportional control, hence: 

𝑃𝐼𝐷(𝑠) =  𝐾𝑝 

Let’s write the open-loop and the closed-loop transfer functions: 

𝐺𝑂𝐿(𝑠) =
𝐹𝐵(𝑠)

𝐸(𝑠)
=

𝑋(𝑠)

𝐸(𝑠)
=

𝐾𝑝

𝑚𝑠2 + 𝑏𝑠 + 𝑘
= 𝑃𝐼𝐷(𝑠) 𝐺𝑃𝐿𝐴𝑁𝑇(𝑠) 

𝐺𝐶𝐿(𝑠) =
𝑋(𝑠)

𝑋𝑟𝑒𝑓(𝑠)
=

𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

From which we can derive: 

𝐸(𝑠)

𝑋𝑟𝑒𝑓(𝑠)
=

𝐸(𝑠)

𝑋(𝑠)

𝑋(𝑠)

𝑋𝑟𝑒𝑓(𝑠)
=

1

𝐺𝑂𝐿(𝑠)

𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
=

1

1 + 𝐺𝑂𝐿(𝑠)
=

𝑚𝑠2 + 𝑏𝑠 + 𝑘

𝑚𝑠2 + 𝑏𝑠 + 𝑘 + 𝐾𝑝
= 𝐺(𝑠) 

And now let’s use the final value theorem to compute the steady state error in time domain: 

𝑒(∞) = lim
𝑠→0

𝑠  𝐺(𝑠)𝑋𝑟𝑒𝑓(𝑠) 

Knowing that the Laplace transform of a unit step (in time domain) is 
1

𝑠
, we get: 

𝑒(∞) = lim
𝑠→0

𝑠𝐺(𝑠)𝑋𝑟𝑒𝑓(𝑠)  = lim
𝑠→0

𝑠𝐺(𝑠)
1

𝑠
 = lim

𝑠→0
𝐺(𝑠) = lim

𝑠→0

𝑚𝑠2 + 𝑏𝑠 + 𝑘

𝑚𝑠2 + 𝑏𝑠 + 𝑘 + 𝐾𝑝
=

𝑘

𝑘 + 𝐾𝑝
 

We can see that the steady state error 𝑒(∞) is different from 0. As 𝐾𝑝 increases the error gets smaller. 

Ideally if 𝐾𝑝 tends to infinity then the steady state error will tend to 0. 
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Let’s see if we can remove the steady state error using a proportional-integrative controller. The 𝑃𝐼𝐷 

transfer function becomes: 

𝑃𝐼𝐷(𝑠) =  𝐾𝑝 +
𝐾𝑖

𝑠
=

𝐾𝑝𝑠 + 𝐾𝑖

𝑠
 

Computing again the transfer function of the error 𝐸(𝑠) with respect to the reference signal 𝑋𝑟𝑒𝑓(𝑠), we 

get: 

𝐸(𝑠)

𝑋𝑟𝑒𝑓(𝑠)
=

1

1 + 𝐺𝑂𝐿(𝑠)
=

𝑠(𝑚𝑠2 + 𝑏𝑠 + 𝑘)

𝑚𝑠3 + 𝑏𝑠2 + (𝐾𝑝 + 𝑘)𝑠 + 𝐾𝑖

 

And employing the final value theorem, gives: 

𝑒(∞) = lim
𝑠→0

𝑠𝐺(𝑠)𝑋𝑟𝑒𝑓(𝑠)  = lim
𝑠→0

𝑠𝐺(𝑠)
1

𝑠
 = lim

𝑠→0
𝐺(𝑠) = lim

𝑠→0

𝑠(𝑚𝑠2 + 𝑏𝑠 + 𝑘)

𝑚𝑠3 + 𝑏𝑠2 + (𝐾𝑝 + 𝑘)𝑠 + 𝐾𝑖

= 0 

This time the steady state error is 0. This means that if we want a controlled system whose steady state 

error is 0 (in the case of a step reference) we need a transfer function 𝐺(𝑠) with at least 1 pole at the 

origin. If the pole at the origin is not present in the plant transfer function 𝐺𝑃𝐿𝐴𝑁𝑇(𝑠), we need to add it 

in the 𝑃𝐼𝐷 transfer function (proportional-integrative control) to eliminate the steady state error. 

 Exercise 11  

We can now use an interactive GUI to see how each gain (proportional, integrative, derivative) affects the 

system response within the time domain. Let’s assume that the transfer function of the plant is: 

1

1
2

s2 + s + 1
 

The script to generate and run the GUI is given in the Appendix, so try to spend some time to better 

understand the effect of each term. 

Figure 47 – PID GUI 
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Here, two examples of time responses generated by the GUI are given: 

 

We can see that adding the integrative to the controller that we are eliminating the steady-state error 

(but increasing the overshoot), as explained previously. 

 Application 2a – Speed Control of a Permanent Magnet DC Electric Motor 

Let’s apply classical control to regulate the speed of a permanent magnet DC electric motor. The system 

is made up of an electric motor on which is acting an external torque (disturbance).  

 

Figure 48 – Electric Motor 

We can draw the equivalent electric circuit of the DC motor: 

 

Applying Kirchhoff's Second Law gives: 

𝑣 = 𝑅𝑖 + 𝐿
𝑑𝑖

𝑑𝑡
+ 𝑒 
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where: 

𝑣 is the voltage; 

𝑅, 𝐿 are the resistance and the inductance; 

𝑖 is the current flowing into the motor. 

e is the back emf; 

The back emf is the counter-electromotive force generated by the rotating coil of the motor. It is 

proportional to the rotating speed of the motor (𝜔) according to: 

𝑒 = 𝑘𝑣𝜔, 

where:  

 𝑘𝑣 is known as the velocity constant of the motor. 

We can now look at the mechanical part: 

The equilibrium reads:  

𝑐𝑚 − 𝑐𝑅 = 𝐼𝑚�̇� + 𝑏𝜔 

where: 

𝑐𝑚, 𝑐𝑅 are the motor and disturbance torque; 

𝐼𝑚, 𝑏 are the inertia and the viscous damping coefficient; 

𝜔 is the motor rotating speed; 

The last equation we need is the relation between the current and the torque generated by the motor. 

The motor torque is proportional to the current according to: 

𝑐𝑚 = 𝑘𝑐𝑖 

where: 

𝑘𝑐  is known as the torque constant of the motor. 

Now let’s write it in Altair ComposeTM, where we define the motor parameters: 
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And the controller gains that will be used afterwards: 

 

Since we are not using the derivative term, we do not need to define the low-pass filter. 

We can convert this set of differential equations into algebraic equations and represent them by this block 

diagram: 

Figure 49 – Electric Motor Block Diagram 

At this point, we can now implement the control to obtain a closed-loop controlled system represented 

by the block diagram: 

Figure 50 – Controlled System Block Diagram 
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Applying some block algebra, gives: 

Ω(𝑠) =

𝑘𝑐
𝐿𝑠 + 𝑅

1
(𝐼𝑚𝑠 + 𝑏)

1 +
𝑘𝑐𝑘𝑣

(𝐿𝑠 + 𝑅)(𝐼𝑚𝑠 + 𝑏)

𝑉(𝑠) −

1
𝐼𝑚𝑠 + 𝑏

1 +
𝑘𝑐𝑘𝑣

(𝐿𝑠 + 𝑅)(𝐼𝑚𝑠 + 𝑏)

𝐶𝑅(𝑠) 

 

Which finally can be arranged as shown in this block diagram: 

Figure 51 – Rearranged Block Diagram of Controlled System 

We can implement at this point some block algebra in Altair ComposeTM to get the open-loop 𝐺𝑂𝐿, closed-

loop 𝐺𝐶𝐿 and disturbance transfer function 𝐺𝑑𝑖𝑠: 

 

Remembering that any transfer function can be represented in the form: 

𝑌(𝑠)

𝑈(𝑠)
= 𝐾

∏ (𝑠 − 𝑧𝑖)
𝑚
𝑖

∏ (𝑠 − 𝑝𝑖)
𝑛
𝑖

 , 

We can simplify the transfer functions obtained if they exhibit some equal poles and zeros. Applying this 

for each transfer function gives: 
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Where the cancellation function is a user-defined function whose aim is to cancel equal poles and zeros, 

decreasing in this way the order of the related transfer function: 

 

We obtain these transfer functions: 

• Open Loop Transfer Function:   
𝜔(𝑠)

𝜔𝑒𝑟𝑟(𝑠)
 

 

• Closed Loop Transfer Function:  
𝜔(𝑠)

𝜔𝑟𝑒𝑓(𝑠)
 

 

• Disturbance Transfer Function:  
𝜔(𝑠)

𝐶𝑟(𝑠)
 

 

Now we can plot the bode diagram of each transfer function: 
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Note: For the disturbance transfer function we are plotting the inverse in order to obtain the dynamic 

stiffness of the system. 

Figure 52 – Open-Loop Bode Plot 

 

Figure 53 – Closed-Loop Bode Plot 
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Figure 54 – Stiffness Bode Plot 

We can state that we obtain an open-loop bode diagram that we “like”. We have a high gain at the origin 

(which means small or null steady state error). Moreover, we have sufficient margin – phase (around 50°) 

and gain (around 30dB) – to make the system stable. 

This leads to a closed-loop bode diagram we “like”. For a certain range of frequencies (lower than 5Hz,) 

the amplitude is equal to 0dB (the output is equal to the reference we set) and the phase is almost null 

(there is no delay). This range of frequencies defines the optimal working range of the system (on the 

contrary, our system will not respond at all at frequencies much higher than the cut-off frequency). 

Considering instead the dynamic stiffness bode diagram, we see that in the working range the amplitude 

is higher than 0 and hence the system is less affected by the disturbance (great disturbance rejection). 

Instead the disturbance becomes relevant when the amplitude becomes negative. But this happens for 

frequencies which are not included in the optimal working range. 

And finally, we can simulate the system in time domain, e.g. with a constant speed reference and a 

constant disturbance torque: 
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Figure 55 -Step Response 

The reader might want to try to add the derivative term to smooth the ripples. But in this case, keep in 

mind that the low-pass filter must also be defined. 

 Application 2b – Position Control of a Permanent Magnet DC Electric 
Motor 

Here, we want to control the motor according to a reference of angular position. The math behind the 

scene is almost the same as the speed control. By avoiding all the intermediate steps, the final block 

diagram appears as: 

Figure 56 - Position Control Block Diagram 

We can now run this script, bearing in mind that we still need “Cancellation” and “BodePlot” functions, to 

obtain the results: 
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Figure 57- Open-Loop Bode Plot  

 

Figure 58 – Closed-Loop Bode Plot 

Figure 59 – Stiffness Bode Plot 
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For these bode plots, the considerations are similar to the previous ones: 

• Looking at the open-loop bode plot, we have high static gain and large phase and gain margins. 

• For the closed-loop bode plot, we have a frequency range (working range), where the amplitude 

is equal to 0dB and the phase is almost null. 

• Looking at the dynamic stiffness bode plot, the amplitude greater than zero in the working range 

ensures disturbance rejection. 

Here, the step response is shown: 

Figure 60 – Step Response 

The reader can try to change some parameters, such as the PID gains or torque disturbance to see how 

the controlled system is affected. In particular, when increasing the integrative gain, the steady-state error 

will be compensated faster, but the oscillations will also increase. 

3.2.8.1. Considerations of Applications 2a and 2b 

For the reader to reflect on what we have done and achieved, here we provide some qualitatively 

considerations that are as important as the math behind the scene. 

Tuning Kp, Ki, Kd can sometimes be a tedious process. Some might rely on their experience or use trial 

and error, whereas others might use optimizers. Also, there are not unique values for them: a certain set 

might perform better in a particular scenario and worse in another, which is why in real applications gain 

maps are sometimes used. What is more important to understand is how each gain affects the response 

of the system. Here, a rule of thumb: 

• Kp affects system responsiveness; 

• Ki is used to compensate steady state error; 

• Kd is used to eliminate overshooting and decrease oscillations. 

We can improve the dynamic properties of the system through control but there is a limitation. If we have 

really bad dynamic properties in the uncontrolled system, there is no way to attain a super powerful 

system just by control because of hardware limitations, i.e. we cannot apply control forces that exceed 

the working range of actuators. 
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 Modern Control 

Modern control works in the time domain, making use of a state space representation. So high-order 

differential equations are transformed into systems of first-order differential equations. Relying on 

computers to numerically solve differential equations, we can easily handle MIMO systems using matrix 

representation. 

In this document, we will use the modern control theory to define the gain of a feedback controller in 

order to: 

1. Place the poles of the system; 

2. Minimize a certain cost function. 

Although these two tasks might now appear confusing, all will become clear in the next pages. 

3.2.9.1. Controllability and Observability 

Before starting to discuss the different control techniques, we need to introduce these two concepts: 

“Controllability” and “Observability” which are dual features of the same problem.  

Starting with Controllability, a linear time invariant system is controllable if for every state 𝒙 = 𝒙(𝑇) and 

every instant of time 𝑇 > 0, there is an input (control) action 𝒖(𝑡), 0 < 𝑡 ≤ 𝑇, such that the system state 

goes from 𝒙(0) to 𝒙. In other words, with the control input we are able to move the system states as we 

wish. 

From the mathematical point of view a LTI system is controllable if the matrix 𝑄 (known as the 

Controllability matrix) has maximum rank (equal to 𝑛): 

𝑄 = [𝐵 𝐴𝐵 𝐴2𝐵 …𝐴𝑛−1𝐵]   ,    𝑛 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑎𝑡𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 

A LTI system is said to be observable if any initial state 𝒙(0) can be estimated knowing the outputs over a 

finite interval of time. In other words, with the measurement performed on the system we are able to 

completely evaluate its state variables. 

From the mathematical point of view a LTI system is observable if the matrix 𝑂 (known as Observability 

matrix) has maximum rank (equal to 𝑛): 

𝑂 = [

𝐶
𝐶𝐴
:

𝐶𝐴𝑛−1

]   ,    𝑛 = 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑠𝑡𝑎𝑡𝑒 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 

3.2.9.2. Pole Placement Control 

The Pole Placement is also known as full state feedback, since the whole state of the system is used for 

the control. Remembering the state space representation: 
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�̇�(𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡) 

𝒚(𝑡) = 𝐶𝒙(𝑡) + 𝐷𝒖(𝑡) 

We want to modify the poles in order to improve its dynamic properties. We can think of applying an 

input 𝒖(𝑡) as a function of its state and a reference state, which means: 

𝒖(𝑡) = 𝐺(𝒙𝒓𝒆𝒇(𝑡) − 𝒙(𝑡)) 

Substituting into the state space equation: 

�̇�(𝑡) = (𝐴 − 𝐵𝐺)𝒙(𝑡) + 𝐵𝐺𝒙𝒓𝒆𝒇(𝑡) 

Which can be written as: 

�̇�(𝑡) = �̃�𝒙(𝑡) + �̃�𝒙𝒓𝒆𝒇(𝑡) 

It is clear that now the poles of the controlled system have changed. Acting on the gain matrix G, we can 

choose where to place the poles. 

Can we always apply this control strategy? No, we have to verify that these two assumptions hold: 

1. The system is controllable; 

2. The state variables are measurable and available for feedback, [See: 3.2.11.1 Observer for more 

details]. 

 Exercise 12 

Considering this system: 

Figure 61 – Simplified Car Model 

We want to apply a pole placement technique to design an anti-vibration control (𝒙𝒓𝒆𝒇 = 0). So, we 

expect a state representation of the controlled system similar to: 

�̇�(𝑡) = (𝐴 − 𝐵𝐺)𝒙(𝑡) 

𝑙1 

𝑘1 𝑘2 

𝑙2 

𝑦
2
 𝑦

1
 

�̈�, �̇�, 𝑤 
�̈�, �̇�, 𝜗 

𝑚, 𝐽 

𝐶  

𝐹𝑐  
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The equilibrium equations read: 

[
𝑚 0
0 𝐽

] {
�̈�
�̈�
} + [

𝑘1 + 𝑘2 𝑘2𝑙2 − 𝑘1𝑙1

𝑘2𝑙2 − 𝑘1𝑙1 𝑘1𝑙1
2 + 𝑘2𝑙2

2] {
𝑤
𝜗

} = [
1
𝑙2

] 𝐹𝑐  

Which we can rewrite in the state space representation as: 

[

𝑚 0
0 𝐽

0 0
0 0

0 0
0 0

1 0
0 1

] �̇� + [

𝑘1 + 𝑘2 𝑘2𝑙2 − 𝑘1𝑙1

𝑘2𝑙2 − 𝑘1𝑙1 𝑘1𝑙1
2 + 𝑘2𝑙2

2
0 0
0 0

−1 0
0 −1

0 0
0 0

]𝒙 = [

1
𝑙2
0
0

] 𝐹𝑐  ,   𝒙 = {

�̇�
�̇�
𝑤
𝜗

} 

 

[𝑀]�̇� + [𝐾]𝒙 = 𝒃𝐹𝑐 

�̇� = −[𝑀]−1[𝐾]𝒙 + [𝑀]−1𝒃𝐹𝑐    

�̇� = 𝐴𝒙 + 𝐵𝐹𝑐  

As we want to apply the pole placement technique, we have to be able to determine the full state knowing 

the outputs. In our example, we wish to measure the whole state, hence: 

𝒚 = 𝐶𝒙,    𝐶 = 𝑒𝑦𝑒(4); 

Let’s write it in Altair ComposeTM: 

 

At this point, we need to verify that the system is controllable. We can use the isctrb function of Altair 

ComposeTM: 
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Or alternatively: 

 

 

Now we need to define where we want to place the poles of the system, for example: 

 

Then we compute the feedback gain matrix employing the place function (Note: For a SISO system we can 

also use the acker function) and represent the controlled system in the state space: 

 

We can also verify that the poles of the controlled system are the same as the ones we have placed, 

computing: 

 

 

 

Finally, we can plot the root locus, the homogeneous response and the control forces: 
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Figure 62 – Root Locus 
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Figure 63 – Homogeneous Response 

 

Figure 64 – Control Forces 

We can see that a marginally stable system has become a stable and more performant system owing to 

the control. In fact, we have poles with real negative parts, and therefore the natural response decays 

over time. 

3.2.10.1. Optimal Control 

So far, we have determined the gains of the controller only looking at the position of the poles, but it can 

be difficult to decide their position a priori. What we want to do now with optimal control is to look for 

the gains that minimize a cost function. This cost function considers, for example, the performance of the 

system regarding a reference signal: 

𝐽 = ∫ ([𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)]
𝑇
𝑄[𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)]) 𝑑𝑡

𝑡𝑓

𝑡0
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But the control forces (controller effort) with respect of final conditions can be taken into account: 

𝐽 = [𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)]
𝑇
𝑊[𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)]

+ ∫ ([𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)]
𝑇
𝑄[𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)] + 𝒖𝒄(𝑡𝑓)

𝑇
𝑅𝒖𝒄(𝑡𝑓))𝑑𝑡

𝑡𝑓

𝑡0

 

where: 𝑊,𝑄, 𝑅 are weighting matrix.  

We will focus on what is defined as “Linear Quadratic Control” for a regulator problem (𝒙𝒓𝒆𝒇(𝑡) = 0). It 

means we are aiming at evaluating: 

𝒖𝒄(𝑡) = −𝐺𝒙(𝑡) 

Which minimizes the quadratic cost function: 

𝐽 = 𝒙(𝑡𝑓)
𝑇
𝑊𝒙(𝑡𝑓) + ∫(𝒙(𝑡)𝑇𝑄𝒙(𝑡) + 𝒖𝒄(𝑡)

𝑇𝑅𝒖𝒄(𝑡))𝑑𝑡

𝑡𝑓

𝑡0

 

For a system: 

�̇�(𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖𝒄(𝑡) 

In case the system has to be controlled for infinite time, the cost function becomes: 

𝐽 = ∫(𝒙(𝑡)𝑇𝑄𝒙(𝑡) + 𝒖𝒄(𝑡)
𝑇𝑅𝒖𝒄(𝑡))𝑑𝑡

∞

0

 

This leads to the famous “algebraic Riccati equation”. 

The reader is not asked to be able to solve it; we are going to use Altair ComposeTM functions which directly 

give the result (feedback gain matrix and poles of the controlled system).  

Instead the reader has to assign the elements of matrix 𝑄 (semi-positive) and matrix 𝑅 (positive). The 

simplest way to do it is to define a diagonal matrix with higher values for the entries we want to promote 

(or penalize).  

In fact: 

• Setting large values for 𝑄 means that we require high accuracy between the reference and the 

actual state.  

• Setting large values for 𝑅 means that we want to limit more the effort (power) of the control 

action. 

Solving this minimization problem, gives: 

�̇�(𝑡) = (𝐴 − 𝐵𝐺)𝒙(𝑡) 
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Which provides us with a new location for the poles of the controlled system. Of course, in this case the 

system has also to be controllable. 

 Exercise 13 

Let’s control the same system in Exercise 12. However, this time we are using the “Optimal Control” 

technique. Different from pole placement, we are not going to place the poles directly. They will be 

automatically determined (as well as the feedback gain matrix) once we define the weight matrix 𝑄 and 

𝑅, which are related to the accuracy and the effort of the control. 

The first part of the exercise (definition of parameters, state space representation and controllability 

check) is exactly the same as Exercise 12, so is not repeated here. Note: Remember the system 

controllability also has to be verified before applying optimal control. 

Let’s define the 𝑄 and 𝑅 matrix (𝑅 is a 1x1 matrix because we have only one input): 

 

Then employ the lqr function to solve the Riccati Algebraic equation, and determine the feedback gain 

matrix and the new poles: 

 

Once we determine the feedback gain matrix 𝐺 we can compute the state representation of the controlled 

system: 

 

Finally, let’s compute and plot the root locus, the homogeneous response and the control forces, using 

the same script as in Exercise 12. 

 

Figure 65 - Root Locus 
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Figure 66 - Homogeneous Response 

 

Figure 67 - Control Forces 

Remember in Optimal Control both the accuracy and the effort of the control are taken into account. In 

this example we have favored accuracy. In particular, we have given the same importance to all the state 

(𝑄 is a diagonal matrix with equal elements). Let’s suppose we have some limitation on the effort, e.g. the 

maximum forces of actuators, to consider this we have to increase the value of 𝑅. 

With 𝑅 = 1/10000, the following portion of the script: 
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We get: 

Figure 68 - Root Locus with Different 𝑅 

 

Figure 69 - Homogeneous Response for Different 𝑅 
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 Figure 70 - Control Forces with Different 𝑅 

We can see that the control forces are lower because we limited the controller effort by increasing 𝑅. 

Therefore, the poles do not move as far left as they did previously, and the homogeneous response dies 

out slower. We are reducing the performances but asking for less power. In designing our controller, there 

is always a trade-off between performance and effort. 

3.2.11.1. Observers 

So far, we have considered being able to apply a control force: 

𝒖𝒄(𝑡) = 𝐺 (𝒙𝒓𝒆𝒇(𝑡) − 𝒙(𝑡)) 

This implies that we were able to measure the full state of the system. Actually, we were able to obtain 

the state by measuring the output: 

𝒙(𝑡) = 𝐶−1𝒚(𝑡) 

In particular: 

𝑖𝑓 𝐶 = 𝑒𝑦𝑒(𝑛) → 𝒙(𝑡) = 𝒚(𝑡) 

But in the real world we are not always able to get the full state (hence the matrix 𝐶 can be rectangular). 

 What can we do? Let’s take advantage of the fact that the mathematical formulation of the system is 

available! And let’s use the so-called “Observers”. 

The observer is used to estimate the state of the system starting from a partial measurement of its output.  

As it simulates the dynamics of the system we want to control, it is represented by similar equations and 

force with the same inputs: 

�̇�(𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡) 
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Its estimated output is: 

�̌�(𝑡) = 𝐶𝒙(𝑡)   ,     (C is a rectangular matrix) 

The estimated output differs from the real one by the error: 

𝜺𝒚 = 𝒚(𝑡) − �̌�(𝑡) = 𝒚(𝑡) − 𝐶𝒙(𝑡) 

It can be proven that by adding to the state equation of the observer a term proportional to the error 𝜺𝒚 

(error between the output measurement and its estimates), the state of the observer will tend to the real 

state of the system. Hence, can be written as:  

�̇�(𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡) + 𝐾(𝒚(𝑡) − 𝐶𝒙(𝑡)) 

𝐾 is the gain matrix of the observer, whose dimensions are equal to the number of states times the 

number of available outputs.  

We use the observer to estimate the state of the system in order to apply our control forces. As we are 

interested in evaluating how well we are estimating the state variables, we can evaluate the difference 

between the two state space representations (real and estimated): 

�̇�(𝑡) − �̇�(𝑡) = 𝐴(𝒙(𝑡) − 𝒙(𝑡)) − 𝐾𝐶(𝒙(𝑡) − 𝒙(𝑡)) 

And defining: 

𝜺(𝑡) = 𝒙(𝑡) − 𝒙(𝑡) 

Gives: 

�̇�(𝑡) = (𝐴 − 𝐾𝐶)𝜺(𝑡) 

That describes the error dynamics. As it is an homogeneous equation, we can state that if we are lucky 

enough that 𝒙(0) = 𝒙(0), the observer error in estimating the state of the system will be always 0. 

If that does not happen, as we are now experts in system dynamics, we can think at acting on the matrix 

𝐾 in order to place the error poles in such a way that: 

1. They have a real negative part: the error decays. 

2. They have a high dynamic (usually five to ten time higher than the controlled system one): the 

error goes to 0 fairly quickly. 

Can we always do that? No, the system has to be observable. [See: 3.2.9.1 Controllability and 

Observability for definition] 

Once we have verified the system is observable, we might think to place the poles so that the observer is 

super-fast, i.e. poles with big negative real part in absolute value. 
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 Is this convenient? If the poles are located too far on the left of the Complex Plane, the observer becomes 

more sensitive to noise (especially measurement noise), and eventually (in the worst case) the controlled 

system might become unstable. So, in placing the observer poles, there should be a trade-off between 

noise-sensitivity and error decay speed. Moreover, we should always remember that in the real case our 

control system will work at a certain clock frequency that represents a limitation on the maximum 

performance attainable by our control architecture. 

Finally let’s take a step backwards: We are using the observer to estimate the state of the system in order 

to apply control forces. We already know that these control forces, where 𝒙𝒓𝒆𝒇(𝑡) = 0, can be written as:  

𝒖𝒄(𝑡) = −𝐺𝒙(𝑡) 

So, the state representation of the system becomes: 

�̇�(𝑡) = 𝐴𝒙(𝑡) − 𝐵𝐺𝒙(𝑡) 

Which, remembering the definition of the state error, can be written as: 

�̇�(𝑡) = (𝐴 − 𝐵𝐺)𝒙(𝑡) + 𝐵𝐺𝜺(𝑡) 

The real state of the system and the error appear to be coupled.  

How can we select at this point the gain matrix of the controller 𝑮 and the gain matrix 𝑲 of the 

observer? It can be proved, by the “Separation Principle”, that the poles of the observer and the controller 

can be chosen independently.  

Now it becomes clear that we use the observer to get an estimation of the state so that the controller can 

drive the actuators with an actuation force proportional to the state. What might be less clear is how to 

show it diagrammatically. The block diagram in Figure 71 might clarify a bit: 

Figure 71 – Controlled System Block Diagram with Observer 
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 Exercise 14 

Let’s apply what we have learned about observers using again the system in Exercise 12. This time we 

cannot measure the angular displacement and velocity (the project cannot afford more sensors). So, the 

output matrix becomes: 

𝐶𝑜𝑏𝑠 = [1 0 0 0; 0 0 1 0] 

Writing it in Altair ComposeTM: 

 

We are going to apply the pole placement technique; hence we need to verify that the system is 

controllable: 

 

 

But this time the system also has to be observable, since we are using an observer. Let’s check it:  



 

90 

Which gives us: 

 

Or alternatively, we could have used: 

 

Applying the “Separation Principle”, we can set the gain matrix for feedback control and observer 

independently. Let’s first determine the feedback gain matrix using the pole placement technique: 

 

Now, let’s compute the gain matrix of the observer. We can employ the place function (as for pole 

placement), but we have to rearrange the matrix. Let’s look at the analogy with feedback gain matrix to 

understand it better: 

Figure 72 – Place Function Analogy 

Hence, in Altair ComposeTM: 
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Also, here the choice of the poles of the observer is usually a trade-off between maximum error and time 

decay. Although an “Optimization algorithm” can be written to automatically set the poles, this is beyond 

the aim of this book. 

The important thing to understand is that we want poles with a real negative part and a higher dynamic 

respect to the poles of the controller (as previously explained). In this case, the lqr function used in the 

optimal control technique might also be used for this purpose. We can now represent the observer error 

and the controlled system with observer in the state space: 

�̇�(𝑡) = (𝐴 − 𝐾𝐶𝑜𝑏𝑠)𝜺(𝑡) 

�̇�(𝑡) = (𝐴 − 𝐵𝐺)𝒙(𝑡) + 𝐵𝐺𝜺(𝑡) 

 

As done in the previous two exercises, let’s visualize the poles in the complex plane: 

 

 

Figure 73 - Root Locus 
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Then let’s evaluate the accuracy of the observer in estimating the state of the system.  In particular, 

considering the controlled system with observer, we can compare the actual state with its estimation. 

 

Figure 74 – Observer Estimation for Vertical Displacement 

We can see that the estimation is very accurate, since it overlaps the actual state quickly. If we had set 

the initial error to 0, we would have obtained complete overlapping: 

 

Figure 75 - Observer Estimation for Vertical Displacement with Null Initial Error 
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We can then visualize the error evolution for the whole state over time: 

 

 

Figure 76 - Error Dynamics 

Here, all the errors decay over time. In addition, we can see that the maximum values of errors are 

recorded for the angular velocity and the angular displacement, which are the state variable we cannot 

measure (remember we could not afford extra sensors). Moreover, if we could directly measure more 

state variables, e.g. 3 instead of 2, then the error would be smaller. Finally, if you don’t get this exact 

image don’t panic, we have initialized the error with random values meaning each time the error plot is 

different. At this point we can move to what really concerns an engineer.  

How is the controlled system with observer performing? Let’s compare it with the controlled system 

without observer (when the full state is available). 
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Figure 77 - Homogeneous Response 

We can see that even though we are using estimations of the state variables, we are obtaining a system 

with a performance similar to the system without an observer. Although the project manager is happy 

because he does not have to buy extra sensors, we do have to check that our actuators are powerful 

enough! In fact, the control forces might be higher (depending on the error dynamics): 

𝒖𝒄(𝑡) = −𝐺𝒙(𝑡) = −𝐺(𝒙(𝑡) − 𝜺(𝑡)) 

Let’s compute them: 

Figure 78 - Control Forces 
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In this case, with the error dynamics determined by the gain matrix 𝐾 and the initial error, the required 

forces are a bit higher. 

 Application 3 

Let’s now implement the control into the passive suspension previously analyzed [See: 3.1.25 Application 

1a – Passive Suspension (Single Damping)] in order to improve its performance. We are introducing a 

controller and an actuator into the system. 

Figure 79 - Active Suspension Model 

 

Using the same nomenclature, we can rewrite the state representation of the passive system: 

{

𝑥1

𝑥2
𝑥3

𝑥4

} = {

𝑧𝑢𝑠 − 𝑧𝑟𝑜𝑎𝑑

�̇�𝑢𝑠
𝑧𝑠 − 𝑧𝑢𝑠

�̇�𝑠

}  

�̇�(𝑡) = [

0 1
−𝑘𝑢/𝑚𝑢 −(𝑏𝑢 + 𝑏𝑠)/𝑚𝑢

0 0
𝑘𝑠/𝑚𝑢 𝑏𝑠/𝑚𝑢

0 −1
0 𝑏𝑠/𝑚𝑠

0 1
−𝑘𝑠/𝑚𝑠 −𝑏𝑠/𝑚𝑠

]  𝒙(𝑡) + [

−1
𝑏𝑢/𝑚𝑢

0
0

] �̇�𝑟𝑜𝑎𝑑(𝑡) 

𝒚(𝑡) = [

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

] 𝒙(𝑡) 
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where: 

𝐴 = [

0 1
−𝑘𝑢/𝑚𝑢 −(𝑏𝑢 + 𝑏𝑠)/𝑚𝑢

0 0
𝑘𝑠/𝑚𝑢 𝑏𝑠/𝑚𝑢

0 −1
0 𝑏𝑠/𝑚𝑠

0 1
−𝑘𝑠/𝑚𝑠 −𝑏𝑠/𝑚𝑠

]   ,    𝐵𝑟 = [

−1
𝑏𝑢/𝑚𝑢

0
0

]    ,   𝐶 = [

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

] 

Which in Altair ComposeTM comprises: 

 

Now we can add the state space representation of the active system: 

�̇�(𝑡) = [

0 1
−𝑘𝑢/𝑚𝑢 −(𝑏𝑢 + 𝑏𝑠)/𝑚𝑢

0 0
𝑘𝑠/𝑚𝑢 𝑏𝑠/𝑚𝑢

0 −1
0 𝑏𝑠/𝑚𝑠

0 1
−𝑘𝑠/𝑚𝑠 −𝑏𝑠/𝑚𝑠

] 𝒙(𝑡) + [

0
1/𝑚𝑢

0
−1/𝑚𝑠

] 𝐹𝑐 + [

−1
𝑏𝑢/𝑚𝑢

0
0

] �̇�𝑟𝑜𝑎𝑑(𝑡) 

𝐴 = [

0 1
−𝑘𝑢/𝑚𝑢 −(𝑏𝑢 + 𝑏𝑠)/𝑚𝑢

0 0
𝑘𝑠/𝑚𝑢 𝑏𝑠/𝑚𝑢

0 −1
0 𝑏𝑠/𝑚𝑠

0 1
−𝑘𝑠/𝑚𝑠 −𝑏𝑠/𝑚𝑠

]  𝐵𝑢 = [

0
1/𝑚𝑢

0
−1/𝑚𝑠

] 𝐵𝑟 = [

−1
𝑏𝑢/𝑚𝑢

0
0

]    𝐶

= [

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

] 

And so: 

�̇�(𝑡) =  𝐴𝒙(𝑡) + 𝐵𝑢𝐹𝑐(𝑡) + 𝐵𝑟�̇�𝑟𝑜𝑎𝑑(𝑡) 

We can implement this in Altair ComposeTM: 

 



 

97 

At this point, we are going to apply Optimal Control, but before we need to check the system 

controllability:  

 

Since the system is controllable, we can define the 𝑄 and 𝑅 matrix and employ the lqr function to 

determine the feedback gain matrix 𝐺. In particular, since we are interested in the comfort of the driver, 

we will set a high gain for the fourth element of 𝑄 main diagonal. In fact, this element is the weight factor 

for the sprung mass velocity, whose derivative is the mass sprung acceleration (which determines the 

driver’s comfort). 

 

With the 𝑠𝑦𝑠_𝑐𝑜𝑛𝑡 representation, we take into account that: 

𝑭𝒄(𝑡) = −𝐺𝒙(𝑡) 

And so, the state space equation becomes: 

�̇�(𝑡) = (𝐴 − 𝐵𝑢)𝒙(𝑡)𝐵𝑢 + 𝐵𝑟�̇�𝑟𝑜𝑎𝑑(𝑡) 

Now, let’s visualize the pole locations: 
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Figure 80 - Root Locus 

The negative part of the most dominant poles [See: 3.1.26 Application 1b – Passive Suspension (Parameter 

Study)] is bigger in absolute values for the controlled system. Hence, the controlled system is more 

responsive than the passive one. We can also notice that the first resonance is most affected since the 

controller is moving more the poles lying closer to the origin [See: 3.1.12 Stability].  

Moreover, we expect that: 

• The first resonance frequency will be higher since the distance of the poles (closer to the origin) 

from the origin is increasing; 

• The relative resonance peak will be much smoother since the ratio between the absolute value of 

the real part and the distance of the poles from the origin [See: 3.1.12 Stability for damping ratio 

is getting higher. 

Let’s make the problem more realistic. We can only measure the suspension stroke and the sprung mass 

speed; therefore, we have to use an observer to estimate the full state. The output matrix 𝐶 is going to 

be: 

𝐶𝑜𝑏𝑠 = [0 0 1 0; 0 0 0 1] 

Before placing the poles of the observer, we need to be sure that the system is observable: 

 

 

Once checked, we can place the poles, as done in previous exercises (keeping in mind Figure 7272): 
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And we can represent the error and the controlled system with observer in the state space: 

�̇�(𝑡) = (𝐴 − 𝐾𝐶𝑜𝑏𝑠)𝜺(𝑡) 

�̇�(𝑡) = (𝐴 − 𝐵𝑢𝐺)𝒙(𝑡) + 𝐵𝑢𝐺𝜺(𝑡) + 𝐵𝑟�̇�𝑟𝑜𝑎𝑑(𝑡) 

The second one can be rewritten as:  

�̇�(𝑡) = (𝐴 − 𝐵𝑢𝐺)𝒙(𝑡) + [𝐵𝑢𝐺 𝐵𝑟] {
𝜺(𝑡)

�̇�𝑟𝑜𝑎𝑑(𝑡)
} 

Translated into OML: 

 

Then we use the root locus again to visualize the position of the observer poles: 

 

Figure 81 - Root Locus with Observer 

As we can see, the negative part of the observer poles is much higher (in absolute values) with respect to 

the poles of the system. Hence, we expect a higher dynamic error with respect to the controlled system. 
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As the error should decrease fairly quickly, the observer should give an accurate representation of the 

real state. 

Let’s see the observer estimates for the whole state: 
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Figure 82 - Observer Estimation for Tire Deflection 

Figure 83 - Observer Estimation for Velocity of Unsprung Mass 

Figure 84 - Observer Estimation for Suspension Stroke 

Figure 85 - Observer Estimation for Sprung Mass Speed 
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Our expectations are met! Moreover, we can see that the observer estimations are more accurate for 

those state variables whose measurements are available. Also, if the initial error is set to 0, the estimation 

coincides completely with the actual state. We’ll leave this simple check to the reader. 

With our controller and observer designed, let’s now look at the expected controlled system performance. 

Firstly, let’s focus on the frequency domain. 

From a comfort perspective, we are interested in knowing the acceleration that the driver is subjected to 

(sprung mass acceleration), determined by: 

�̈�4 = 𝐴𝑐𝑜𝑛𝑡(4, : ) {

𝑥1

𝑥2
𝑥3

𝑥4

}  

where: 

𝐴𝑐𝑜𝑛𝑡(4, : ) = [𝐴 − 𝐵𝑢𝐺](4, : ) 

 

We can evaluate and plot the FRF (both for the passive and active system) which has the sprung mass 

acceleration as output and the road speed as input: 
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Figure 86 – FRF of Sprung Mass Acceleration Respect to Road Velocity 

We can see that the first resonance peak has been reduced, which is an impressive result! 

So far, we have considered the design phase and we have not talked about the real system. It is reasonable 

that the reader might ask: Is there a way to compare our model performances to the real system ones? If 

yes, how can it be accomplished? Yes, we can do it. Here’s a hint on how to proceed: 

Considering the physical system, what we know (or measure) are the inputs (in this example �̇�𝑟𝑜𝑎𝑑(𝑡)) 

and the outputs 𝒚(𝑡). Focusing on the FRF, one experimental procedure might be to do a sweep in 

frequency for the input, measure the output we are interested in with sensors, and apply some system 

identification. Once we obtain the experimental FRF we can compare it with the one in Figure 86. Hence, 

the difference between the experimental FRF and the numerical one is an index of accuracy of the model 

we developed. 

Finally, let’s move to the time domain and consider a generic disturbance (using white noise for road 

vertical velocity) over time: 
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Figure 87 - Road Speed Profile 

We can compute the system response (passive, active, active with observer), considering a null initial 

state: 

 

The trickiest part of the previous script is to compute the response of the active system with observer. 

Let’s try to clarify it, remembering that:  

�̇�(𝑡) = (𝐴 − 𝐵𝑢𝐺)𝒙(𝑡) + [𝐵𝑢𝐺 𝐵𝑟] {
𝜺(𝑡)

�̇�𝑟𝑜𝑎𝑑(𝑡)
} 

The second input of the lsim function has to be in the form: 

[𝜺(𝑡) �̇�𝑟𝑜𝑎𝑑(𝑡)] 

Where 𝜺(𝑡) is a  𝑙𝑒𝑛𝑔𝑡ℎ(𝑡) x 4 matrix and �̇�𝑟𝑜𝑎𝑑(𝑡) a  𝑙𝑒𝑛𝑔𝑡ℎ(𝑡) x 1 matrix, which coincide with: 

[err,r(2,:)'] 

If we plot the results and compute the RMS: 
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Figure 88 – Time Domain Response (Sprung Mass Acceleration) 

The initial difference between the active systems with and without observer is due to the error of the 

observer in the estimation of the full state. In less than 0.5 seconds, the system with observer behaves 

exactly as the active system without it.  

From the values of RMS, we can also see that the RMS computed for the active system with observer is 

lower than the one computed for the passive one; hence the former system is more comfortable than the 

latter. 

The reader might want to try to change the initial error and the gain of the observer to see how this affects 

the system response; of course, if the initial error is set to 0 then the green and red curves overlap 

completely. 
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4. Discrete Dynamics 
Discrete dynamics is the counterpart of continuous dynamics. Before moving on, it might be helpful for 

the reader to have a quick look at 2.2 Continuous and Discrete Systems. 

In discrete dynamics the input/s, the state and the output/s are available only at certain time steps. This 

means that the mathematical theory used to describe them also needs to change. We move from 

differential equations to finite difference equations. 

A classification of discrete systems can be divided into 2 groups: 

• Discrete systems by nature (economics, sociology...) which are directly described in the discrete 
domain. 

• Continuous systems which turn into discrete ones when coupled with a discrete element (digital 
controller, digital acquisition, …). 

Here, we focus on the second group and hence, analyze the transformation from a continuous to a 
discrete domain. We will also discuss the state space representation and transfer functions for these 
systems. 

4.1. Discretization and State Space Representation 

Let’s consider a continuous LTI system in the state space: 

�̇�(𝑡) = 𝐴𝒙(𝑡) + 𝐵𝒖(𝑡) 

𝒚(𝑡) = 𝐶𝒙(𝑡) + 𝐷𝒖(𝑡) 

Supposing we are sampling it with a certain sampling time 𝑇, it can be proved that, considering 𝒖(𝑡) is 

constant for each time step (zero-order hold), the discrete state representation is:  

𝒙(𝑘 + 1) = 𝐴𝑑𝒙(𝑘) + 𝐵𝑑𝒖(𝑘) 

𝒚(𝑘) = 𝐶𝑑𝒙(𝑘) + 𝐷𝑑𝒖(𝑘) 

where: 

𝐴𝑑 = 𝑒𝐴𝑇, 

𝐵𝑑 = 𝐴−1(𝐴𝑑 − 𝐼)𝐵, 

𝐶𝑑 = 𝐶, 

𝐷𝑑 = 𝐷, 

𝑘 is the abbreviation for 𝑘𝑇. 

In particular, 𝑒𝐴𝑇 is the matrix exponential, which is a matrix function for square matrices.  
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It is computed as: 

𝑒𝑀 = ∑
1

𝑗!
𝑀𝑗

∞

𝑗=0

    ,     𝑀 = [𝐴]𝑇   ,   𝑀0 = 𝐼 

If 𝑀 is a 1x1 matrix the matrix exponential turns into the ordinary exponential. 

Finally, let’s define that from now on 𝐴, 𝐵, 𝐶, 𝐷 will denote continuous systems whereas 𝐴𝑑 , 𝐵𝑑 , 𝐶𝑑 , 𝐷𝑑 will 

refer to discrete ones. 

 Exercise 15 

In Altair ComposeTM we can easily convert a continuous system into a discrete one using c2d. As an 

example, let’s convert the mass-spring-damper system in Exercise 4 from a continuous to discrete domain. 

Let’s evaluate again the continuous state space representation: 

And now implementing the c2d function to move to the discrete domain (we need to specify the 

sampling time T): 

 

We can now verify with isdt that we moved to discrete domain:  

 

 

Also, the information of sampling time is saved in the sys_dt object. Type sys_dt.ts in the command 

window. Finally let’s just see if the dual functions of c2d and isdt are respectively d2c and isct. 
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4.2. Natural and Forced Response 

Let’s consider the state space representation of a LTI discrete system: 

𝒙(𝑘 + 1) = 𝐴𝑑𝒙(𝑘) + 𝐵𝑑𝒖(𝑘) 

𝒚(𝑡) = 𝐶𝑑𝒙(𝑘) + 𝐷𝑑𝒖(𝑘) 

Let’s try to compute the natural response: 

𝒙(𝑘 + 1) = 𝐴𝑑𝒙(𝑘) 

It is simpler than solving differential equations, and we can do it iteratively starting from 𝑘 equal 0: 

𝒙(1) = 𝐴𝑑𝒙(0)   ,    𝒙(0) = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 

𝒙(2) = 𝐴𝑑𝒙(1) =  𝐴𝑑𝐴𝑑𝒙(0)  = 𝐴𝑑
2𝒙(0)     

𝒙(3) = 𝐴𝑑𝒙(2) =  𝐴𝑑𝐴𝑑
2𝒙(0) = 𝐴𝑑

3𝒙(0)     

Which leads to: 

𝒙(𝑘) = 𝐴𝑑
𝑘𝒙(0)  

Instead let’s evaluate the forced response: 

𝒙(𝑘 + 1) = 𝐴𝑑𝒙(𝑘) + 𝐵𝑑𝒖(𝑘) 

Again, we can solvie it iteratively: 

𝒙(1) = 𝐴𝑑𝒙(0) + 𝐵𝑑𝒖(0)    

𝒙(2) = 𝐴𝑑𝒙(1) + 𝐵𝑑𝒖(1) =  𝐴𝑑
2𝒙(0) + 𝐴𝑑𝐵𝑑𝒖(0) + 𝐵𝑑𝒖(1)    

𝒙(3) = 𝐴𝑑𝒙(2) + 𝐵𝑑𝒖(2) =   𝐴𝑑
3𝒙(0) + 𝐴𝑑

2𝐵𝑑𝒖(0) + 𝐴𝑑𝐵𝑑𝒖(1) + 𝐵𝑑𝒖(2)    

Which leads to: 

𝒙(𝑘) = 𝐴𝑑
𝑘𝒙(0) + ∑ 𝐴𝑑

𝑘−𝑚−1𝐵𝑑𝒖(𝑚)

𝑘−1

𝑚=0

 

 

 Exercise 16 

Let’s compute the natural response of the mass-spring-damper system in Exercise 15.   

First, we get the discrete state representation: 



 

109 

 

We can then implement the analytical solution 𝒙(𝑘) = 𝐴𝑑
𝑘𝒙(0) through a for loop. Let’s do it for the first 

100 time steps: 

 

And finally plotting the results: 

Figure 89 - Homogeneous Response of a Discrete System 

The stem function is a smart way to plot the solution because it reminds us that the solution is only 

available at certain instants of time. 
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4.3. Eigenvalues and Eigenvectors 

Similarly, to continuous dynamics, we might think that the eigenvalues and eigenvectors of matrix 𝐴𝑑 

determine the evolution of the system as well as its stability.  

If we compute the eigenvalues and eigenvectors of matrix 𝐴𝑑 we get: 

• 𝐷𝑒, a diagonal matrix whose elements are the eigenvalues 𝜆𝑑,𝑖; 

• 𝑉, a matrix whose columns are the eigenvectors 𝒗𝑟,𝑖 related to each eigenvalue. 

And again [See: 3.1.16 Eigenvalues and Eigenvectors;  3. Continuous Dynamics], if all the eigenvalues are 

distinct it can be proven that: 

𝑉−1𝐴𝑑𝑉 = 𝐷𝑒 

Which is equivalent to: 

𝐴𝑑 = 𝑉𝐷𝑒𝑉
−1 

Hence, if we replace it in the natural response, we get Equation 5: 

𝒙(𝑘) = 𝐴𝑑
𝑘𝒙(0) = (𝑉𝐷𝑒𝑉

−1)𝑘𝒙(0) = 𝑉𝐷𝑒𝑉
−1𝑉𝐷𝑒𝑉

−1 …𝑉𝐷𝑒𝑉
−1𝒙(0) = 𝑉𝐷𝑒

𝑘𝑉−1𝒙(0) 

Equation 5 - Natural response of discrete systems 

It is now clear how the eigenvalues and eigenvectors affect the evolution of the system state over time. 

Also, eigenvalues and eigenvectors depend on the sampling time, since 𝐴𝑑 = 𝑒𝐴𝑇. Moreover comparing 

𝐴𝑑 and 𝐴, gives the relation between continuous and discrete properties in Equation 6: 

𝜆𝑑,𝑖 = 𝑒𝜆𝑖𝑇  ,     ∀𝑖 

Equation 6 – Relation Between Continuous and Discrete Properties 

What about stability? 

4.4. Stability 

A LTI discrete system is “Asymptotically Stable” if the natural response approaches zero as time 
approaches infinity for every set of initial conditions. Translating this into math, a LTI discrete system is 
Asymptotically Stable if: 

|𝜆𝑑,𝑖| < 1   , ∀𝑖 

Remembering Equation 5, this becomes: 

𝒙(𝑘) =  𝑉𝐷𝑒
𝑘𝑉−1𝒙(0) = 𝑉

[
 
 
 
 𝜆𝑑,1

𝑘 0

0 𝜆𝑑,2
𝑘

⋯ 0
⋱ ⋮

⋮ ⋱
0 ⋯

⋱ 0

0 𝜆𝑑,𝑛
𝑘
]
 
 
 
 

𝑉−1𝒙(0) 
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This means that the natural response is a linear combination of powers of eigenvalues. Given any number 
𝑛 at the power of  𝑚, for a property of powers 𝑛𝑚 will diverge for 𝑚 → ∞ if 𝑛 is greater than 1 in absolute 
value. 

Two main differences from the continuous case [See: 3.1.12 Stability; 3. Continuous Dynamics] are: 

• A discrete system is stable even with eigenvalues with positive real part; 

• Eigenvalues with negative real part do not guarantee system stability. 

The mathematical condition determines a stability region which is a circle centered at the origin with 
radius equal to 1: 

 

Figure 90 - Stability Region  

Points lying on the circumference are said to be marginally stable. Lastly, it is important to emphasize that 

if we use the exact derivation from continuous to discrete domains [See: 4.8 Discretization of Continuous 

Transfer Function] the (in)stability is also maintained. 

 Exercise 17 

Let’s now get more familiar with discrete systems poles, which we know are the eigenvalues of 𝐴𝑑 matrix, 

by computing the poles of the discrete system in Exercise 15.  

Firstly, we re-define the discrete system:  
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Then compute the system poles 𝜆𝑑,𝑖: 

 

 

And now verify that 𝜆𝑑,𝑖 = 𝑒𝜆𝑖𝑇  (Equation 6) holds. We can do that by computing the poles of the 

continuous system and then evaluating the exponential: 

 

 

We get the same values as before! 

Finally, let’s verify the system is also stable in the discrete domain. We can plot the stability region (the 
circle centered at [0,0] with unit radius) and verify that the poles are inside it.  

They are indeed inside the circle! 

Or more quickly using the isstable function: 
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4.5. 𝒛 − Transform 

The counterpart of Laplace Transform in the discrete domain is called the 𝑧-transform, which is a linear 

operator defined as: 

𝐹(𝑧) = 𝑍(𝑓(𝑘)) ≝ ∑ 𝑓(𝑘)𝑧−𝑘

∞

𝑘=0

 

Similar to the Laplace Transform, the 𝑧-transform holds: 

𝑓(𝑘 − 𝑛)   
𝑍
⇒  𝑧−𝑛𝑓(𝑧) 

𝑓(𝑘 + 𝑛)   
𝑍
⇒  𝑧𝑛𝑓(𝑧) 

The 𝑧 variable plays a similar role to the 𝑠 variable, therefore it converts finite difference equations into 

algebraic equations. 

4.6. Initial and Final Value Theorem 

Similar to the Laplace Transform, there are two theorems which allow us to get partial information on 

𝑓(𝑘) in time domain.  

The first value theorem states that: 

𝑓(0) = lim
𝑧→∞

[𝐹(𝑧)]     ⇔    𝑓(0+) = lim
𝑠→∞

[𝑠𝐹(𝑠)]   

While the other value theorem, which holds only if the poles have a modulus lower than 1 or are equal to 

1, states that: 

𝑓(∞) = lim
𝑘→∞

[𝑓(𝑘)] = lim
𝑧→1

[(𝑧 − 1)𝐹(𝑧)]    ⇔    lim
𝑡→∞

[𝑓(𝑡)] = lim
𝑠→0

[𝑠𝐹(𝑠)]  

4.7. 𝒛 − Transfer Function 

Similar to transfer functions in the continuous domain, the 𝑧-transfer functions are convenient to study 
SISO LTI discrete systems as they enable: 

• Easy evaluation of the poles of the system (roots of the denominator); 

• Plotting the frequency response function; 

The general 𝑧-transfer function appears as: 

 
𝑌(𝑧)

𝑈(𝑧)
=

𝑏𝑚𝑧𝑚 + 𝑏𝑚−1𝑧
𝑚−1 + ⋯+ 𝑏1𝑧

1 + 𝑏0

𝑎𝑛𝑧𝑛 + 𝑎𝑛−1𝑧
𝑛−1 + ⋯+ 𝑎1𝑧

1 + 𝑎0
   ,                 𝑚 < 𝑛 
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 Exercise 18  

Let’s now consider a resistor-inductor circuit. 

Figure 91 - Electric Circuit 

Using Kirchhoff’s second law we can write: 

𝑣(𝑡) = 𝑅𝑖(𝑡) + 𝐿
𝑑𝑖(𝑡)

𝑑𝑡
 

We can move to discrete domain through: 

𝑖(𝑡) = 𝑖(𝑘𝑇) = 𝑖(𝑘)     , 𝑇 = 𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔 𝑡𝑖𝑚𝑒 

𝑑𝑖(𝑡)

𝑑𝑡
=

𝑑𝑖(𝑘)

𝑑𝑡
=

𝑖(𝑘 + 1) − 𝑖(𝑘)

𝑇
         (𝐸𝑥𝑝𝑙𝑖𝑐𝑖𝑡 𝐸𝑢𝑙𝑒𝑟 𝑚𝑒𝑡ℎ𝑜𝑑) 

And so: 

𝑣(𝑘) = 𝑅𝑖(𝑘) + 𝐿
𝑖(𝑘 + 1) − 𝑖(𝑘)

𝑇
 

Applying  𝑧-transform, we get the 𝑧-transfer function: 

𝑉(𝑧) = 𝑅𝐼(𝑧) + 𝐿
𝑧𝐼(𝑧) − 𝐼(𝑧)

𝑇
 

𝐼(𝑧)

𝑉(𝑧)
=

𝑇
𝑅𝑇 − 𝐿
𝐿

𝑅𝑇 − 𝐿
𝑧 + 1

 

Let’s write it in Altair ComposeTM: 
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Verify that the system is stable: 

 

 

In fact, the system pole is smaller than 1 in absolute value, as seen here: 

 

 

And now compute the step response: 

 

 

Figure 92 - Step Response of the Discrete System 
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And finally let’s compare it with the continuous system, whose transfer function is: 

𝐼(𝑠)

𝑉(𝑠)
=

1
𝑅

𝐿
𝑅

𝑠 + 1
 

Using Altair ComposeTM: 

 

Figure 93 - Comparison between Step Response of Continuous and Discrete System 

We can see that there is a slightly difference between the continuous and discrete system. This is mainly 

because we use an approximation (Euler method) to move from a continuous to a discrete domain. 

Moreover, by decreasing the sampling time this difference becomes smaller. On the contrary, by 

increasing the sampling time too much eventually makes the discrete system unstable (because we are 

using explicit Euler method; further details to be discussed in the next paragraphs). 

For example, let’s see what happens if we increase the sampling time from 0.02s to 0.3s: 
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Figure 94 – Instability caused by Incorrect Choice of Sampling Time 

We also increased the simulation time for the step (t_fin). We see that the discrete system becomes 

unstable! 

 Exercise 19 

Let’s now design a moving average filter, which is a simple FIR filter commonly used to reduce random 

noise in digital signal processing. In the discrete domain, the filtered signal is expressed as: 

𝑦(𝑘) =
1

𝑛
[𝑥(𝑘) + 𝑥(𝑘 − 1) + 𝑥(𝑘 − 2) + ⋯+ 𝑥(𝑘 − (𝑛 − 1))] 

where: 

𝑥 is the sampled input data; 

𝑛 is the number of data taken into account for the mean. 

Shown as a block diagram: 

Figure 95 - Moving Average Filter Block Diagram 
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Now we can easily write its transfer function recalling that in the z-domain the unit delay coincides with 

𝑧−1: 

𝑌(𝑧)

𝑋(𝑧)
=

1

𝑛
(1 + 𝑧−1 + 𝑧−2 + ⋯+ 𝑧−(𝑛−1)) 

Using Altair ComposeTM to consider this input signal: 

 

Figure 96 - Input Signal 

Let’s choose 10-point Moving Average filter (𝑛 = 10): 
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Filtering the signal: 

 

Figure 97 - Filtered Signal 

As we can see, the signal has been smoothed but some time delay has been introduced (since we need to 

wait 𝑛 samples to compute the first value). 

4.8. Discretization of Continuous Transfer Function 

In the previous exercise we have modeled our system in the discrete domain. However, if we have a 

continuous system represented with its transfer function, how can we automatically convert it into the 

discrete domain and write its 𝑧-transfer function? 

The 𝑠 and 𝑧 variable are connected by the transform: 

𝑧 = 𝑒𝑠𝑇  

Which is the transformation that justifies Equation 6. Through this transform: 

• Points with a real negative part in 𝑠 are converted into points with an absolute value less than 1 

in 𝑧; 

• The origin in 𝑠 moves to 𝑧 = 1. 
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Hence it might now be clearer why: 

• The stability region in 𝑠 (left-half plane) is converted into a circle or radius 1 and centered in 𝑧 =

0 in  𝑧-domain; moreover, the imaginary axis in 𝑠 is converted into a circumference with unitary 

radius; 

• In the final value theorem, lim
𝑠→0

[𝑠𝐹(𝑠)] turns into lim
𝑧→1

[(𝑧 − 1)𝐹(𝑧)]. 

Let’s visualize it: 

Figure 98 - s to z Transformation 

The circumference of the black “circle” in the s-domain includes all the points whose frequency 

(remember that the frequency is the distance from the origin, [See: 3.1.12 Stability] is equal or less than 

the Nyquist frequency (half of the sampling frequency). As stated by the Sampling Theorem, for all the 

points outside (shown as a triangle) the circumference aliasing will occur during conversion from 

continuous to discrete domain.  

The plots have been generated with Altair ComposeTM , with the interactive script used to draw them also 

provided, [See: Appendix]. 

At this point from the transform 𝑧 = 𝑒𝑠𝑇 , we easily derive: 

𝑠 =
1

𝑇
ln 𝑧 

And using the first-order bilinear approximation for ln 𝑧 we get: 

𝑠 =
1

𝑇
ln 𝑧 ≈

2

𝑇

𝑧 − 1

𝑧 + 1
 

Which is more generally known as the bilinear transformation: 

𝑠 =
1

𝑇
(

𝑧 − 1

𝐴𝑧 + (1 − 𝐴)
) 
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Changing the value of 𝐴 gives: 

𝐴 = 0, 𝑠 =
𝑧−1

𝑇
     → 𝐸𝑥𝑝𝑙𝑖𝑐𝑖𝑡 𝐸𝑢𝑙𝑒𝑟 

𝐴 = 1, 𝑠 =
𝑧−1

𝑇𝑧
     → 𝐼𝑚𝑝𝑙𝑖𝑐𝑡 𝐸𝑢𝑙𝑒𝑟 

𝐴 =
1

2
, 𝑠 =

2

𝑇

𝑧 − 1

𝑧 + 1
 → 𝑇𝑢𝑠𝑡𝑖𝑛 

With Tustin and Implicit Euler methods the (in)stability condition is maintained moving from the 𝑠 to the 

 𝑧 domain. 

 Exercise 20 

Let’s convert the transfer function of the mass-spring-damper system from the continuous to the discrete 
domain. In the time domain we have: 

𝑋(𝑠)

𝐹(𝑠)
=

1

𝑚𝑠2 + 𝑏𝑠 + 𝐾
 

Using he Tustin method, which we recall is: 

𝑠 =
2

𝑇

𝑧 − 1

𝑧 + 1
 

Gives: 

𝑋(𝑠)

𝐹(𝑠)
=

𝑧2 + 2𝑧 + 1

(
4𝑚
𝑇2 +

2𝑏
𝑇

+ 𝑘) 𝑧2 + (
−8𝑚
𝑇2 + 2𝑘) 𝑧 + (

4𝑚
𝑇2 +

2𝑏
𝑇

+ 𝑘)
 

We do not need to compute it analytically in Altair ComposeTM because we can again use c2d function, 

which specifies the Tustin method: 

At this point we compute the poles of the continuous system p_ct and of the discrete one (both with 

Tustin method and exact transform 𝑧 = 𝑒𝑠𝑇, p_dt_tustin and p_sampl_trans respectively): 
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Querying the different variables from the Command Window: 

 

We can see that the poles of the discrete system computed by the two methods are slightly different. This 

difference decreases as the sampling time decreases. 

Finally, we can compute the step response for both the continuous and discrete systems: 

 

Figure 99 - Step Response Comparison 

The difference in the displacement values are justified by the fact that we are using an approximation 

(Tustin method) of the exact transform 𝑧 = 𝑒𝑠𝑇 . 
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5. Appendix 
Here we provide three master scripts:  

• Computes and plots the asymptotical Bode Plot. 

• Generates a GUI to highlight the effect of each term of PID controller on the system 

response; 

• Executes the transformation from the 𝑠 to the 𝑧 domain. 

5.1. Asymptotic Bode Plot 

 Use Case 

 

Figure 100 – Bode Plot of PID Transfer Function 
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 Computing Function 
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126 

 Plotting Function 
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5.2. Proportional Integrative Derivative (PID) Graphical User 
Interface (GUI) 
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5.3. Transformation from s - Domain to z - Domain 
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