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About this Book 
 

This book is a basic introduction on “System Modeling and Control”. We assume that 

the readers are beginners to this subject and hence we have tried to provide the basic 

theoretical knowledge along with practical exercises. In this book, firstly, we discuss 

linear time-invariant systems and their analysis, the mathematical representation of 

the system, followed by solving differential equations representing the system using 

Laplace transforms and state space representation, we further discuss stability of 

systems, system modeling techniques and finally, different control systems and 

theories are discussed. Throughout the book a mass-spring-damper system is used to 

illustrate the concepts for easy understanding.  

Firstly, we define dynamic systems and its related terms, we then understand the 

classification of systems, we then decide to focus on the linear time invariant (LTI) 

system and its analysis, General Mathematical representation of LTI is shown and 

differential equations representing an example system are created. The differential 

equation is transformed into algebraic equations using Laplace transforms. Using 

these algebraic equations, transfer functions are created, the roots of the transfer 

function, namely the poles and zeroes are then obtained. The stability of the LTI 

system is then understood and predicted based on the pole location. Another method 

of  representing a system namely the state space representation is discussed next. 

We then proceed to computational methods of system analysis, the Model Based 

Design Approaches are discussed, namely the Physical Based approach and the signal-

based approach. Activate is used to easily model and analyze an example system in 

all the methods described above. 

Finally, different control systems and theories are discussed and analyzed, starting 

with open loop, then closed loop, and then open + closed loop, which are the basic 

types of controllers. Then the Classical control theory is discussed, where PID 

controller is explained, and then Modern control theory is discussed, where pole 

placement controller and optimal control is explained. 
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1. Introduction 
A system is a group of components interconnected with each other to perform a task 

for a given input. To obtain the desired behavior from the system, we require a clear 

understanding of the workflow of the system and we need to be able to predict the 

changes in the behavior of the system over time. The mathematical representation of 

the physical system, predicting its behavior and providing the prerequisites to control 

the system is called System Modeling. 

Control Systems are systems that manage the behavior of other systems with the aid 

of loops. Control systems are widely used and relevant, for example, the cruise control 

system of a car maintains constant speed of the car for some defined distance and the 

antilock braking system which prevent the wheels from locking during braking etc. use 

feedback control loops giving importance to understanding Control Systems and 

Theory.  

This book is a basic introduction on “System Modeling and Control”. We assume that 

the readers are beginners to this subject and hence we have tried to provide the basic 

theoretical knowledge along with practical exercises. In this book - 

• Firstly, we define dynamic systems and its related terms, we then understand 

the classification of systems, we then decide to focus on the linear time 

invariant (LTI) system and its analysis 

• General Mathematical representation of LTI is shown and differential 

equations representing an example system are created. 

• The differential equation is transformed into algebraic equations using 

Laplace transforms.  

• Using these algebraic equations, transfer functions are created, the roots of 

the transfer function, namely the poles and zeroes are then obtained. 



 

9 
 

• The stability of the LTI system is then understood and predicted based on the 

pole location. 

• Another method of  representing a system namely the state space 

representation is discussed next. 

• We then proceed to computational methods of system analysis, the Model 

Based Design Approaches are discussed, namely the Physical Based approach 

and the signal-based approach. 

• Activate is used to easily model and analyze an example system in all the 

methods described above 

• Finally, different control systems and theories are discussed and analyzed, 

starting with open loop, then closed loop, and then open + closed loop, which 

are the basic types of control systems. 

• Then the Classical control theory is discussed, where PID controller is 

explained, and then Modern control theory is discussed, where pole 

placement controller and optimal control is explained. 

• An appendix is provided with a clear and easy introduction to Altair 

Activate, its GUI, and relevant functions of the tool needed to perform the 

practical exercises in this eBook. 

Throughout the book a mass-spring-damper system is used to illustrate the concepts 

for easy understanding. 

Simulating models using software helps one understand the subject better, and also 

analyze systems quickly and easily. Hence, we have solved the exercises with Altair 

Activate. If you are an expert in this domain, skip the theoretical explanations and 

focus on the more interesting practical exercises solved with Altair Activate and the 

Appendix that deals with how to use Activate. 
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2. System Modeling 

2.1 Dynamic Systems 

The word system has many definitions and we can also describe a system as a 

collection of components interconnected with each other to perform a task. Dynamics 

is the study of how things change over time. In this chapter, our aim is to study the 

response of a system over time. 

How do we represent a dynamic system? 

 

The most common representation is done through a block diagram with inputs and 

outputs. We can write mathematical equations that relates the outputs of the system 

to its inputs, normally it will be differential equations or finite difference equations. 

In this chapter, our aim is modeling and solving such equations,  

 

Some helpful definitions of a dynamic system are: 

• INPUT is something provided to a system. It could be a force for a mass-

spring-damper system or a voltage for an RLC circuit 

• STATE VARIABLE is one of the sets of variables that are used to describe the 

state of the system 

• STATE is the description of the system at a certain time, which is given by the 

values assumed by the state variables 

• OUTPUT is the result produced by a system from a certain input. It doesn’t 

have to coincide with the set of state variables 
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2.2 System Classification 

Systems can be classified in three ways: 

• Linear and Nonlinear systems 

• Continuous and Discrete systems 

• Time-Variant and Time-Invariant systems 

Linear System Nonlinear System 

It’s a system described in mathematics 

by a set of linear equations. 

Example: 

𝑚�̈�(𝑡) + 𝑏�̇�(𝑡) + 𝑘𝑥(𝑡) = 𝐹(𝑡) 

The equation describes the state of the 

system is a second order linear 

differential equation (𝑥̈, 𝑥̇, 𝑥 are 

raised to the power of 1). Hence, the 

system is said to be linear. 

 

It’s a system described in mathematics 

by a set of nonlinear equations. 

Example: 

�̈� +
𝑔

𝑙
sin 𝛼 = 0 

The equation is a nonlinear differential 

equation since the zero-order derivative 

term α is an argument of a nonlinear 

function which is a sine function. 

 

Continuous System Discrete System 

A continuous (or analog) system is a 

system whose state variables change 

continuously over time. 

Represented by the differential 

equation 

A discrete system is a system whose 

state variables change by discrete 

quantities only at a discrete set of points 

in time. 

Represented by the finite difference 

equation 

 

Time-Invariant System Time-Variant System 

A system whose outputs do not 

explicitly depend on time (system 

A system whose outputs depend 

explicitly on time (system parameters 
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parameters are constant over time) is 

said to be “time invariant” 

Example: The mass-spring-damper 

system is time-invariant if the 

parameters 𝑚, 𝑏, 𝑘 are not the function 

of time. 

 

are not constant over time) is said to be 

time-variant.  

Example: If we consider a space shuttle, 

its mass (which is a system parameter) 

decreases over time as fuel is 

consumed. Hence, it is a time-variant 

system. 

 

Systems can also be classified based on the number of inputs and outputs: 

NAME INPUT OUTPUT 

SISO Single single 

SIMO Single multiple 

MISO Multiple single 

MIMO Multiple multiple 

 

2.3 System Analysis 

In this book we will Analyze systems that are linear, continuous and time invariant 

(LTI). First, we will discuss the mathematical representation of a system, which is the 

primary step in system analysis, this initial representation is in time domain,  

2.3.1 Mathematical Representation and Frequency Domain 

To study a physical system, a model is usually developed to predict its behavior. The 

common mathematical representation of a continuous and LTI dynamical system is:  

𝑎𝑛
𝑑𝑦(𝑛)(𝑡)

𝑑𝑡𝑛 + 𝑎𝑛−1 
𝑑𝑦(𝑛−1)(𝑡)

𝑑𝑡𝑛−1 + ⋯ + 𝑎1�̇�(𝑡) + 𝑎0𝑦(𝑡) = 𝑏𝑚 
𝑑𝑢(𝑚)(𝑡)

𝑑𝑡𝑚 +

𝑏𝑚−1 
𝑑𝑢(𝑚−1)(𝑡)

𝑑𝑡𝑚−1 + ⋯ + 𝑏1�̇�(𝑡) + 𝑏0𝑢(𝑡) , 𝑤ℎ𝑒𝑟𝑒 𝑚 < 𝑛  

Equation 1 : Mathematical representation of LTI system 
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This is an nth order system represented by constant co-efficient differential equations 

and the highest derivative is the nth order derivative. The left-hand side of the 

equation represents the output with the order of the derivative being n. The right-

hand side represents the input and the order of derivative is m. Here we consider a 

case or a system, where m is less than n. This is one of the methods for describing the 

relationship between the input and the output signals of LTI system.  

Such a differential equation is of a higher order and is a time-domain mathematical 

model, note that solving higher order differential equations is cumbersome. 

Let`s now write the differential equation for the mass-spring-damper system shown 

below. 

 

The mass-spring-damper system, as shown above, consists of a mass ‘m’ on a spring 

with spring constant ‘k’ and the damping coefficient ‘b’. If x is the displacement from 

the resting position and F is the force applied, let’s consider individual case. 

• Mass 

 

When force is applied to a mass, it produces an opposing force Fm 

 

𝐹𝑚  =  𝑚𝑎 

 

𝑎 =  
𝑑𝑣(𝑡)

𝑑𝑡
 , 𝑣 =  

𝑑𝑥(𝑡)

𝑑𝑡
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v(t) is the velocity and x(t) is displacement 

 

Therefore  

𝐹𝑚  =  𝑚
𝑑2𝑥(𝑡)

𝑑𝑡2
  

 

• Spring 

When force is applied to a spring, it produces a force (FK) that is proportional 

to the displacement of the spring. 

 

𝐹𝑚 = 𝑘𝑥(𝑡) 

k is the spring constant also known as constant of proportionality 

According to newton law 

𝐹𝑘 = 𝑘𝑥(𝑡)  =  𝑘 ∫ 𝑣(𝑡) 𝑑𝑡 

• Damper 

When force is applied to damper, it produces a force that is proportional to 

velocity. 

𝐹𝑏 = 𝑏𝑣(𝑡)  =  𝑏
𝑑𝑥(𝑡)

𝑑𝑡
 

b is the damping coefficient.  

The free body diagram as shown below, 

 

The equilibrium equation of a system is: 

 

𝐹(𝑡) = 𝐹𝑚 + 𝐹𝑏  + 𝐹𝑘 
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𝐹(𝑡)  =  𝑚
𝑑2𝑥(𝑡)

𝑑𝑡2
 +  𝑏

𝑑𝑥(𝑡)

𝑑𝑡
+  𝑘𝑥(𝑡) 

 

𝐹(𝑡)  =  𝑚�̈�(𝑡) + 𝑏�̇�(𝑡) + 𝑘𝑥(𝑡) 

The above equation is a second order differential equation for the mass-

spring-damper system 

Frequency Domain 

Frequency domain means analysis of a signal or mathematical function, concerning 

frequency. The analysis of the signal is easier in the frequency domain when 

compared with time domain. Some of the methods used to convert time domain to 

frequency domain are  

• Fourier series 

• Fourier transform 

• Laplace transform 

In this book we use the Laplace Transform. 

2.3.2 Laplace Transform 

Why should we use the Laplace Transform? 

Laplace Transform is a powerful mathematical method to transform differential 

equations into algebraic equations which are easier to solve. Through the Laplace 

Transform, a differential equation in time ‘t’ is turned into an algebraic equation in 

complex variable ‘s’. 

Given a real function 𝑓(𝑡), its Laplace Transform is defined as: 

𝐹(𝑠) = 𝐿{𝑓(𝑡)}(𝑠) ≝ ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡
+∞

−∞

 

Where 𝑒 is Euler’s number. In Laplace Transform, it transforms a function of t 

(function of time domain) to a function of s (the function of frequency domain). The 

Laplace transform for f(t) is denoted by F(s) or L{f(t)}. 



 

16 
 

Some of the important properties of Laplace transform that are used in solving 

differential equations are given below 

𝐿{𝑥(𝑡)}  =  𝑋(𝑠) 

𝐿{�̇�(𝑡)} =  𝐿 {
𝑑

𝑑𝑡
 𝑥(𝑡)}  =  𝑠𝑋(𝑠)  −  𝑥(0) 

𝐿{�̈�(𝑡)}  =  𝐿 {
𝑑2

𝑑𝑡2
 𝑥(𝑡)}  =  𝑠2𝑋(𝑠)  −  𝑠𝑥(0)  −  �̇�(0) 

𝐿 {
𝑑𝑛

𝑑𝑡𝑛
 𝑥(𝑡)}  =  𝑠𝑛𝑋(𝑠)  −  𝑠𝑛−1𝑥(0) − . . . . . . . . . . 𝑠𝑥(𝑛−2)(0) −  𝑥(𝑛−1)(0) 

Note: The two functions 𝑥(0) and �̇�(0) that appear in the formula are often used as 

initial conditions in solving the problem 

2.3.3 Transfer Function, Poles and Zeroes. 

What is a transfer function and why do we need it? 

The Transfer Function is a method of representing a continuous and LTI dynamic 

system, using the s-variable of Laplace Transform. It is defined as the ratio between 

the output and the input in s-domain by assuming zero initial condition.  

 

 

 



 

17 
 

Given that x(t) and y(t) are the input and output of the LTI system and X(s) and Y(s) 

are the corresponding Laplace transforms, then the transfer function of the LTI system 

is the ratio of Y(s) and X(s). 

Transfer function  𝐺(𝑠) =   
𝑌(𝑠)

𝑋(𝑠)
 

By knowing the transfer function of the system, we can analyze the system for various 

properties like frequency response, the stability of the system, etc.  

Applying the Laplace transform to Equation 1 we get the transfer function of the 

system as given in Equation 2 

𝑌(𝑠)

𝑈(𝑠)
=

𝑏𝑚𝑠𝑚 + 𝑏𝑚−1𝑠𝑚−1 + ⋯ + 𝑏1𝑠1 + 𝑏0

𝑎𝑛𝑠𝑛 + 𝑎𝑛−1𝑠𝑛−1 + ⋯ + 𝑎1𝑠1 + 𝑎0
   ,                  𝑚 < 𝑛 

Equation 2 : Transfer function 

Example 1: Find the transfer function of a mass-spring-damper system 

 

 

• The diagram can be represented by a linear differential equation as shown 

below  

𝑚�̈�(𝑡) + 𝑏�̇�(𝑡) + 𝑘𝑥(𝑡) = F(𝑡) 

• We first solve the differential equation for initial null condition  𝑥(0)  =  0, 

�̇�(0)  =  0                        

• Taking the Laplace Transform of both sides, we get 

𝐿{𝑚�̈�(𝑡) + 𝑏�̇�(𝑡) + 𝑘𝑥(𝑡)} = 𝐿{F(t)} 

𝑚(𝑠2𝑋(𝑠)  −  𝑠𝑥(0)  −  �̇�(0)) + 𝑏(𝑠𝑋(𝑠)  −  𝑥(0)) + 𝑘𝑋(𝑠) = 𝐹(𝑠) 

• Putting the initial condition into the resulting equation, we get 
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𝑚(𝑠2X(s)  −  s. 0 −  0) + 𝑏(s𝑋(s)  −  0 + 𝑘X(s) = 𝐹(𝑠) 
 

𝑚𝑠2X(s)  + 𝑏s𝑋(s) + 𝑘X(s) = 𝐹(𝑠) 
 

(𝑚𝑠2 + 𝑏𝑠 + 𝑘)𝑋(𝑠) = 𝐹(𝑠) 

The above equation represents an algebraic equation in s terms 

We can now write the transfer function as below 

𝐺(𝑠)  =  
𝑋(𝑠)

𝐹(𝑠) 
=

1

(𝑚𝑠2 + 𝑏𝑠 + 𝑘)
 

where m, b and k are the system parameters. By substituting the system parameters 

of any spring mass damper system in the above equation, we get the relevant transfer 

function of the system. 

Poles and Zeros 

Poles are the roots of the denominator of a transfer function and Zeros are the roots 

of the numerator of a transfer function. Poles and zeros are in general complex 

numbers, which define the system behavior and the stability of the system 

The transfer function of a generic system can be expressed as: 

𝑌(𝑠)

𝑈(𝑠)
=

𝑏𝑚𝑠𝑚 + 𝑏𝑚−1𝑠𝑚−1 + ⋯ + 𝑏1𝑠1 + 𝑏0

𝑎𝑛𝑠𝑛 + 𝑎𝑛−1𝑠𝑛−1 + ⋯ + 𝑎1𝑠1 + 𝑎0
   ,                  𝑚 < 𝑛 

Factoring the numerator and the denominator of the generic transfer function we get: 

𝑌(𝑠)

𝑈(𝑠)
= 𝐾

∏ (𝑠 − 𝑧𝑖)𝑚
𝑖

∏ (𝑠 − 𝑝𝑖)𝑛
𝑖

 

Where: 

𝐾 is the gain factor; 𝐾 =  
𝑏𝑚

𝑎𝑛
 

𝑧𝑖  (𝑖=1,2,.. 𝑚) are the zeros. 

𝑝𝑖  (𝑖=1,2,.. 𝑛) are the poles. 
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Both zeros and poles may have both real and imaginary parts (complex value). The 

gain of the system is 𝐾 =  
𝑏𝑚

𝑎𝑛
 

Poles as explained are the roots of the denominator (the denominator is also called 

the characteristic polynomial) of the transfer function. In fact, poles define the 

homogeneous response of the system (which is the response of the unforced system) 

as follows: 

       𝑦(𝑡) = ∑(𝐶𝑖𝑒𝑝𝑖𝑡)

𝑛

𝑖

+  ∑ (𝐶𝑘𝑡𝑘𝑒𝑝𝑘𝑡)

𝑀−1

𝑘

 

where 𝐶𝑖, 𝐶𝑘 are constants determined by the initial conditions. Note that the second 

summation is deleted if all poles have 𝑀 = 1. So, for sake of simplicity assume 𝑀=1 

for every pole. 

Then the homogeneous response becomes:    𝑦(𝑡) = ∑ (𝐶𝑖𝑒𝑝𝑖𝑡)𝑛
𝑖  

• Considering Euler’s formula  𝑒𝑗𝑡 = cos 𝑡 + 𝑗 sin 𝑡 

• And splitting up two solutions into exponentials that have real 

exponents and imaginary exponents   𝑒𝜎+𝑗𝜔𝑡 = 𝑒𝜎𝑒𝑗𝜔𝑡        

We can rewrite the equation as:   𝑦(𝑡) = 𝐶𝑖𝑒𝜎(𝑝𝑖)𝑡[𝑐𝑜𝑠(𝜔(𝑝𝑖)𝑡) + 𝑗𝑠𝑖𝑛(𝜔(𝑝𝑖)𝑡)] 

The contribution of different types of poles to the response is as below: 

TYPE OF POLES RELATED CONTRIBUTION 

Real pole 𝐶𝑖𝑒𝑝𝑖𝑡 

Couple of Imaginary Poles (cos(𝑝𝑖)𝑡 + 𝑗 sin(𝑝𝑖)𝑡) 

Couple of Complex Poles 𝐶𝑖𝑒𝜎(𝑝𝑖)𝑡[cos(𝜔(𝑝𝑖)𝑡) + 𝑗 sin(𝜔(𝑝𝑖)𝑡)] 

 

The total response is the sum of all the contributions, we have hence shown that the 

poles determine the homogeneous (or natural) response of the system which in turn 

determines the stability of the system as you will see next in section 2.3.4 
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Zeros are the roots of the numerator, so they are referred to as the input. This means 

that the forced response of the system is also affected by the location of the zeros in 

the s-plane.  

Example 2: Find gain factor, zeros and poles for the given transfer function? 

𝑋(𝑠)

𝐹(𝑠) 
=

1

(𝑚𝑠2 + 𝑏𝑠 + 𝑘)
 

With 𝑚 = 1 kg, b = 7 Ns/m, k = 12 N/m 

𝑋(𝑠)

𝐹(𝑠) 
=

1

(𝑠2 + 7𝑠 + 12)
 

Solution: 

Gain factor = 1 

Zeros = 0 (There are no s terms in the numerator of a transfer function) 

Poles = The roots of the denominator of a transfer function 

On solving the equation (𝑠2 + 7 𝑠 +  12) we get poles of the transfer function 

(𝑠2 +  7𝑠 +  12) = 0 

( 𝑠 + 4)( 𝑠 +  3) = 0 

S = -4, -3 

2.3.4 Stability of LTI System 

The system is stable when the output is under control. Stability depends on the 

natural response of the system, also known as homogeneous response, natural 

response is the response of the unforced system, i.e. it depends only on the properties 

of the system. The LTI system can be Asymptotically stable, marginally stable or 

unstable depending on the natural response of the system as explained below: 
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Asymptotically Stable System: A linear time invariant system is asymptotically stable 

if the natural response approaches to zero as the time approaches infinity. 

 

Unstable System: A linear time-invariant system is Unstable if the natural response 

grows without bound as the time approaches infinity. 

 

Marginally Stable System: A linear time-invariant system is marginally stable if the 

natural response neither decays nor grows but remains constant or oscillates as the 

time approaches infinity.  

 

 

The natural response of the system is the response due to only the initial condition of 

the system, not due to any input to the system. 
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s- plane interpretation of stability 

 

 

If all the system poles are in the left half of the s-plane (the complex plane) and hence 

have a negative real part, the system is asymptotically stable. 

2.3.5 State Space Representation, Eigenvalues and Eigenvectors. 

Another way of handling differential equations but different from the transfer 

function approach is the state space representation, which is a mathematical model 

of a dynamic system, that has a set input, output and state variables related to a first-

order differential equation. It is a time-domain approach used for linear continuous 

dynamic systems,  

Why should we use time-domain approach instead of solving the differential equation 

using transfer function? 

Stability Pole location Natural response 

Asymptotic stability Left half s-plane Exponential decay or damped 

oscillations 

Marginal stability On imaginary axis Sinusoidal response 

Instability Right half s-plane Exponential increase or 

oscillations wit exponential 

increasing magnitude 
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The time-domain approach is extremely efficient when a system has multiple inputs 

and outputs. The transfer function method is difficult to analyze and is time-

consuming since analysis is done for only single input and single output.  

Important Definitions 

• State variables:  A Minimum set of variables that fully describes the state of the 

system 

• State:  Describes enough information about the system to predict its future 

• State vector: The elements of the vectors are the state variables 

• State space: It is an n-dimensional space co-ordinate axes consisting of the x1 axis, 

x2 axis…. xn axis, where x1, x2….xn are the state variables 

State Model 

Let’s consider a multiple input and multiple output system having  

 

r inputs 𝑢1(𝑡), 𝑢2(𝑡), . . . . . . . . 𝑢𝑟(𝑡)   

p outputs 𝑦1(𝑡), 𝑦2(𝑡), . . . . . . . . 𝑦𝑝(𝑡)   

n state variables 𝑥1(𝑡), 𝑥2(𝑡), . . . . . . . . 𝑥𝑛(𝑡)   

The state model is given by two equations, one is the state equation and the other is 

the output equation 

{
�̇�(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑢(𝑡)

𝑦(𝑡) = 𝐶(𝑡)𝑥(𝑡) + 𝐷(𝑡)𝑢(𝑡)
 

�̇�(𝑡) is the vector of the state variables derivatives  

𝑦(𝑡) is the output vector (P×1)  

The above system is known as state space representation 

 𝑥(𝑡) is the state vector (n × 1), the vector of the states of an nth order system 
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𝑢(t) is the input vector (r × 1) 

A is the state matrix (n × n) 

B is the input matrix (n × r) 

C is the output matrix (p × n) 

D is the feedthrough matrix (p × r)State diagram of standard state model 

 

 

The thick line indicates that there are multiple numbers of input, output and state 

variables. 1/s block performs the integration of the n state variable derivatives.  

Example 3: Find the state space representation for a mass spring damper system 

Let’s consider the mass-spring-damper system: 

 

 

𝑚�̈�(𝑡) + 𝑏�̇�(𝑡) + 𝑘𝑥(𝑡) = 𝐹(𝑡) 

Firstly, let’s solve it for �̈�(𝑡): 

�̈�(𝑡) = −
𝑏

𝑚
�̇�(𝑡) −

𝑘

𝑚
𝑥(𝑡) +

1

𝑚
𝑓(𝑡) 
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Then, let’s add the identity equation:  

�̈�(𝑡) = −
𝑏

𝑚
�̇�(𝑡) −

𝑘

𝑚
𝑥(𝑡) +

1

𝑚
𝑓(𝑡) 

�̇�(𝑡) = �̇�(𝑡) 

We can now introduce the state vector: 

𝒙(𝑡) = {
�̇�(𝑡)
𝑥(𝑡)

} 

Hence, we can rewrite the system in a matrix format: 

�̇�(𝑡) = [
−𝑏

𝑚

−𝑘

𝑚
1 0

] 𝒙(𝑡) + [
1

𝑚
0

] 𝑓(𝑡) 

Where: 

𝐴 = [
−𝑏

𝑚

−𝑘

𝑚
1 0

]        ,   𝐵 = [
1

𝑚
0

] 

It is important to notice that, even if the state vector 𝒙 describes the complete internal 

behavior of a State Space system, usually it is not possible to directly measure all the 

components of 𝒙. Hence, the output vector 𝒚 might not coincide with 𝒙. For this case, 

let’s say that we are only able to measure the displacement of the mass. 

𝑦 = [0 1]𝒙(𝑡) 
Hence 𝐶 and 𝐷 matrix are: 

𝐶 = [0 1]        ,   𝐷 = 0 

If, on the other hand, we were able to measure all the components of 𝒙 we would 

have matrix 𝐶 as a 2x2 identity matrix. 

Eigenvalues and Eigenvectors 

When the system representation is in matrix format, by using eigenvalues we can 

find the poles of the system. Let’s consider the unforced system (From state space 

equation). 

�̇�(𝑡) = 𝐴𝒙(𝑡) 
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The natural response of this type is   

x(t) = vreλt, 

whose derivative is        

�̇�(𝑡)  =  𝜆vreλt 

                                                         = 𝜆𝑥               (put x= x(t) = vreλt) 

i.e. 𝐴𝑥 =  𝜆𝑥 

Avreλt  =  𝜆vreλt 

Avr  =  𝜆vr 

Hence,  [𝐴 − 𝜆 𝐼]𝒗𝒓 = {0}  ,     𝐼 = Identity matrix 

This is known as eigen problem, Solving the above equation we can find 𝜆𝑖 𝑤ℎ𝑒𝑟𝑒 𝑖 =

 0,1, . . . . 𝑛, these are the eigenvalues and the relative 𝑣𝑟,𝑖 are the eigenvectors. 

Why are the eigenvalues of the matrix A important for us? 

The eigenvalues coincide with the poles of the system. 

Why are the eigenvectors important for us? 

The eigenvectors point at the direction in which the system is evolving in the phase 

space. 

Example 4: Eigenvalues Problem 

Let’s solve the Eigenvalues problem for the spring mass-spring-damper-system: 

[𝐴 − 𝜆 𝐼]𝒗𝒓 = {0} 

Which means: 

det(𝐴 − 𝜆 𝐼) = 0 

From the state space example (example 3) we found 𝐴 = [
−𝑏

𝑚

−𝑘

𝑚

1 0
]    
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Substitute A in above equation 

𝑑𝑒𝑡 ([
−𝑏

𝑚
− 𝜆

−𝑘

𝑚
1 −𝜆

]) = 0 

Computing the determinant: 

(−
𝑏

𝑚
− 𝜆) (−𝜆) +

𝑘

𝑚
= 0 

𝜆2 +
𝑏

𝑚
𝜆 +

𝑘

𝑚
= 0 

We found the same characteristic polynomial. Hence, the eigenvalues 𝝀 of the 

matrix A coincides with the system poles. 
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3. Model Based Design 

Approaches  
 

So far, we have tried to introduce concepts useful to analyze continuous dynamical 

systems modeled by differential equations. We have studied a LTI system in detail and 

the advantages provided by the usage of the Laplace transform and state space 

representation. 

In this chapter we will discuss the main approaches for the Model Based Design (MBD) 

that are available in Altair Activate®.  

What is Model-Based Design (MBD)? 

The modeling and simulation of dynamical systems at a system level using computers, 

where, thanks to the efficiency of the computation, many iterations and optimizations 

of the system performances are allowed already at the early stage of the design 

process. 

Why Model-Based Design? 

Model-based design (MBD) performs verification and validation through testing in the 

simulation environment. Problems are identified early and fixed early in the 

development stage. Hence model-based design is an efficient method to be used for 

designing systems. 

There are three ways to design systems in the MBD approach: 

• Script based(0D) 

• Graphical physical based(1D) 

• Graphical signal based(1D) 

Script based approach uses Altair Compose® (.oml language) and is discussed in the 

eBook “System Dynamics and Controls Using Altair Compose®”. In this book however 
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we will discuss Graphical physical based(1D) and Graphical signal based(1D)  

techniques using Altair Activate®.  

3.1 Graphical Physical Based Approach 

In this approach, the system is modeled by connecting different blocks, which are 

called components as they represent real physical components (like spring, mass, 

transducer etc.) and physical properties (like damping force etc.) So, in this approach 

we describe the physics of the system without analyzing the math. 

Exercise 1 

Design a model using graphical Physical-based method with Altair Activate 

We will consider the mass spring damper system and represent the system using 

graphical Physical-based method. 

 

 

Implementation in Altair Activate 

Please refer to Appendix to understand the Activate GUI and how to use it. 

Below steps explain the method of modelling the system in Altair Activate such as 

parameters initialization, simulation parameters setting and components usage. 

1. Open Altair Activate  

2. Under tab view tick the features we want to enable. Here are the most 

commonly enabled ones 
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3. Initialization of parameters  

The inputs are defined inside the Editor Initialization, clicking on the model 

icon: 

 

4. Simulation parameters are defined hovering over the simulate item and 

clicking on the icon which pops out 
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5. The model in Altair Activate 

 

 

Each block has no inputs or outputs but ports which propagate physical 

quantities. We speak about implicit components and not blocks. There is not 

a “solving direction” but each quantity has to be consistent at any time by 

respecting the conservation laws. This is also called as the acausal approach. 

Each component represents physical components or properties (thermal 

conduction, electric inductance). Equations which describe the mathematics 

are already written & integrated in the components. For example, Mass < 

Help < Mass source code (refer below figure). We connect the components 

properly to represent the physics which describes a system.  
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6. Block used and their parameter 

a. sinewaveGenerator block 

 

This block generates a sine wave following the equation:  

y(t) = M*sin(F*t+P) +Offset,  

where magnitude (M), frequency (F), phase shift (P) and offset (Offset) are 

block parameters. In palettes browser go to Activate < Signal generators < 

SineWaveGenerator and right click on the block to define its parameter. 
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b. Force block 

 

External force acting on a drive train element as input signal. Go to 

Modelica < Mechanics <Translational < Sources < Force. 

 

c. SpringDamper  

 

 It is a linear 1D translational spring and damper element connected in 

parallel. The component can be connected either between two sliding 

masses to describe the elasticity and damping, or between a sliding mass 

and the housing (model Fixed), to describe a coupling of the sliding mass 

with the housing via a spring/damper. Go to Modelica < Mechanics < 

Translational < Components < SpringDamper and define the parameter. 
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d. Mass  

 

Sliding mass with inertia, without friction and two rigidly connected 

flanges. 

The sliding mass has the length L, the position coordinate s is in the 

middle. Sign convention: A positive force at flange flange_a moves the 

sliding mass in the positive direction. A negative force at flange flange_a 

moves the sliding mass to the negative direction. Go to Modelica < 

Mechanics < Translational < Components < Mass. Define the parameters 

as shown below 
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e. PostionSensor 

 

Measures the absolute position s of a flange in an ideal way and 

provides the result as output signals. Go to Modelica < Mechanics < 

Translational < Sensors < PositionSensor. 

f. SpeedSensor 

 

Measures the absolute velocity v of a flange in an ideal way and 

provides the result as output signals. Go to Modelica < Mechanics < 

Translational < Sensors < SpeedSensor. 

g. Fixed flange 
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The flange of a 1D translational mechanical system fixed at a position s0 

in the housing. Used to connect a compliant element, such as a spring or 

a damper, between a sliding mass and the housing and also used to fix a 

rigid element, such as a sliding mass, at a specific position. Go to Modelica 

< Mechanics < Translational < Components < Fixed. 

h. Connect all the blocks as shown above in the diagram in step 5. 

7. Save and Run the model (clicking on the button start in the editor toolbar) 

 

8. We obtain the plot of speed and displacement  

 

3.2 Graphical Signal-Based Approach 

In this approach the system is modeled by connecting different blocks which 

represent elementary mathematical operations (sum, product, integration…) that 

allows us to describe the math behind the physics of the system. In exercise 2 the 

most general approach used to represent a general dynamical system linear/non-

linear is discussed. While in exercise 3 we will reuse all the notions introduced in the 

previous chapters. In fact, we will use the state space and the transfer function blocks 

along with the physical and signal based approaches.  
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Exercise 2 

Design a model using graphical signal-based method with Altair Activate. 

Let’s consider a mass spring damper system representing a dynamic system. 

 

The equation of mass-spring-damper linear system is as shown 

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐹 

In the graphical approach (usually known as 1D modelling), it’s convenient to rewrite 

the differential equation, in order to solve it for the highest order derivative term. This 

means: 

�̈�  =
𝐹 − 𝑏�̇�  −  𝑘𝑥

𝑚
 

Considering m = 1, a simple representation of the above differential equation as a 

diagram is shown below 

 

Implementation in Altair Activate 

The steps explain the process to follow for modeling the system in Altair Activate such 

as model parameters definition, simulation parameters setting, block explanation and 

usage. 

1. Open Altair Activate 

2. Under tab view tick the features we want to enable. Here are the most 

commonly enabled ones. 
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3. Initialization of parameters  

The inputs are defined inside the Editor Initialization, clicking on the model 

icon: 

 

4. Simulation parameters are defined hovering over the simulate item and 

clicking on the icon which pops out 



 

39 
 

 

 

5. The Model in Altair Activate

 

 

• Each block has inputs & outputs and we can see the “solving direction” 

between the blocks, this type of approach is also called the causal approach.  

 

• Each block represents simple mathematical operations and the blocks are 

connected in a way that it represents the mathematics which describe the 

system. 
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6. Explanation of the blocks used and their parameters 

a. sinewaveGenerator block 

 

This block generates a sine wave following the equation:  

y(t) = M*sin(F*t+P) +Offset,  

where magnitude (M), frequency (F), phase shift (P) and offset (Offset) are 

block parameters. In palettes browser go to Activate < Signal generators < 

SineWaveGenerator and right click on the block to define its parameter. 
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b. Sum block 

 

If the block has more than one input, it performs element-wise addition or 

subtraction of its inputs. All inputs must have the same size or be 1x1. If the 

block has one input, the output is 1x1 and is obtained by adding (subtracting) 

all the entries of the input. Addition (+) and subtraction (-) characters indicate 

the operation to be performed on the inputs. Go to Activate < 

MathOperations < Sum block and right click on the block to define its 

parameters. 

 

c. Gain block 

 

This block implements a gain operation where the output is obtained by 

multiplying the gain parameter by the input. Go to Activate < MathOperations 

< Gain block and right click on the block to define its parameter. 
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Two more Gain blocks are used, one to define the parameter c (damping) and 

the other to define the parameter k (stiffness). We can select an option to 

display the name of the block by right click on block select show name. The 

name can be edited in Property Editor 

 

d. Integral block 

 

This block implements an integrator. The output is the integral of the input 

signal. The block provides the initial condition state at the beginning of 

simulation run. Go to Activate < Dynamical < Integral block and define the 

parameter as shown below. 
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Another Integral block is used to define the parameter x. 

e. Scope block 

 

The Scope block displays its input with respect to simulation time. The Scope 

block allows for multiple inputs. For defining plot signals, the Scope block 

provides a number of parameters including axis, range, labels and graphical 

properties. Go to Activate < SignalViewers < Scope block. define the 

parameter as shown below 
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7. Save and Run the model (clicking on the start button in the editor toolbar 

) 

8. We should obtain the plot of speed and displacement (as we are considering a 

forced system, the homogeneous response vanishes in a certain time and the 

solution is at this point only determined by the particular integral. 

Result 

Clicking on scope block and we obverse the plot is same as pervious Exercise 1. 
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Exercise 3 

Obtain the solution for the mass-spring-damper system using the 4 techniques. 

 

 

 

The equation governing the system 

𝑚�̈� + 𝑑�̇� + 𝑘𝑥 = 𝐹(𝑡) 

The mass spring damper system is solved by the four ways  

1. Physical-based approach. Refer Exercise 1 

2. Signal-based: General approach  

Construct signals using integrators as per the equation below. Refer Exercise 2 

�̈� =
𝐹(𝑡)

𝑚
−

𝑘

𝑚
𝑥 −

𝑑

𝑚
�̇� 

 

3. Signal-based: Transfer function approach 

Define a transfer function in Laplace form. Refer Example 1 

 

𝐺(𝑠) =
1

(𝑚𝑠2 + 𝑏𝑠 + 𝑘)
 

4. Signal-based: State space approach 

Use the state space variables for position and velocity. Refer Example 3 

�̇�(𝑡) = [
−𝑏

𝑚

−𝑘

𝑚
1 0

] 𝒙(𝑡) + [
1

𝑚
0

] 𝑓(𝑡) 
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Where: 

𝐴 = [
−𝑏

𝑚

−𝑘

𝑚
1 0

]        ,   𝐵 = [
1

𝑚
0

] 

𝐶 = [0 1]        ,   𝐷 = 0 

 

Implementation in Altair Activate   

Below are the steps to model the system in Altair Activate 

1. Open Altair Activate by double click on icon on the desktop 

2. Under tab “view” tick the features we want to enable. Here the most common 

ones 

 

3. Initialization of parameters  

       The inputs are defined inside the Editor Initialization, clicking on the model icon: 
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4. Simulation parameters are defined hovering over the simulate item and clicking 

on the icon which pops out. 
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5. The model in Altair Activate 

 

 

 

Above image depicts the comparison model in Altair Activate, which shows the 

general signal-based approach, the methods applied to linear systems i.e. transfer 

function and state space representation and the physical-based approach.  

6. The initial condition for the Integral blocks is 0 and the SpringDamper parameters 

are spring constant k and damping constant b. Here we will discuss only the blocks 

which were not discussed in earlier exercises. 

a. Constant Block  
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The Constant block generates a constant value. The output size and type are 

defined by the block parameter. Go to Activate < SignalGenerators < Constant 

and right click on the block to define its value. 

 

 

b. ContTransFunc_X 

 

This block implements a SIMO (continuous-time, single-input, multi-output) linear 

system that is defined by the linear system's transfer function. The transfer 

function, specified by the coefficients of the function's numerator and 

denominator, must be proper, meaning that the degree of the numerator must 

not exceed that of the denominator. The transfer function is converted to a state-

space form with tf2ss and the initial state is applied. Go to Activate < Dynamical 

< ContTranFunc_X. define the parameter as shown below. 

 

 

c. ContStateSpace  
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This block implements a continuous-time linear state-space system defined 

by the A,B,C,D matrices and the initial state vector. 

 

Finally connect all the blocks as shown in the diagram in step 5 above. 

Result: 

We observe that all four approaches show same response for the system.  

 

 

Note: Transfer function block and state space approach can only be applied for linear 

differential equations, whereas the general signal based and Modelica approach can 

be applied for both linear and nonlinear differential equations.  
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4. Control Theory 
 

“Control Theory” is a large discipline in control system engineering that deals with the 

behavior of dynamic systems. The objective is to control the system to get a good 

response with few errors while ensuring system stability. 

In open loop control the control action is not influenced by the output whereas in 

closed loop control the control action is dependent on the output. 

Classic control is the most common control technique used to control either linear or 

non-linear systems. Modern control is based on the state space representation hence 

can be used only when we control a linear system (or linearized), in modern control 

we will discuss two techniques known as pole placement and optimal control. Closed 

loop control can use either classic or modern control strategies. 

Before going into details, let us first understand what does controlling a system mean? 

It means that we want our system to behave according to defined references. There 

are different types of control references, for example: 

• Follow a generic reference (trajectory tracking, CNC machines, robotics) 

• Reach a constant reference (vibration control, cruise control…). 

The important terms used in the control system are defined as 

• Reference signal: The input signal 

• Plant: The system or device we want to control. 

• Controller: The device that measures the deviation between the output signal 

and the reference signal and based on that produces the control signal. 

• Control action: The manner in which the controller produces the control 

signal. 

• Control system: The whole system made up of the dynamic system, 

controller, transducers etc. that manages the behavior of another system or 

device. 
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• Disturbance: Disturbance signals are unwanted inputs which affect the 

output of the control system and increases error. 

 

Some more important terms are defined below, regarding output response of a 

second order system 

 

Figure shows a unit step response of a second order system. 

• Step response: Step response of the system is the response to a step-shaped 

input. It’s commonly computed because it is used to define the performance 

of the system, in terms of overshoot, rise time and settling time. In fact, in 

Control Theory we usually try to modify these properties of the system to 

improve them. 

• Rise time: The time taken for the output response to change from defined 

low value (10%) to defined high value (90%). 

• Settling time: The time required for the output response to reach and stay 

within the acceptable error value. 

• Overshoot: This occurs when the output response exceeds its target. 

• Steady state error: The deviation of the output response from the input 

reference is known as steady state error. 
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4.1 Open Loop Control System 

Open loop control system is one, in which the control action is independent of the 

output of the plant. Open loop controller is also known as Feedforward controller. 

The common representation of an open loop control system is as below: 

 

 

In the schematic, for the specific reference signal or input, the control signal from the 

controller is predefined and given as input to the plant, which generates the desired 

output.  

Advantages 

• Easy and simple design 

•  Less expensive and less maintenance 

Disadvantages 

• The output of the system might be inaccurate, due to internal or external 

disturbances. 

• System properties are not modified based on the output, since there is no 

feedback of the output signal to the controller. 

 

Exercise 4 

Design a system with an open loop controller using Altair Activate. 

Implementation in Altair Activate 

Let’s consider the mass spring damper as a plant and use an open loop controller.  

The input is given as xref = 2, this is passed to the controller. In controller, it is 

multiplied by a defined gain parameter and given as an input to the plant (mass spring 

damper system). The disturbance is added as another input to the plant.  
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As we know the equation of mass spring damper system is  

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐹 

There are two forces applied to the plant, one from the controller and another from 

the disturbance. 

F = Fc +Fdisturbance , where Fc = K*xref 

Step to create the block diagram. 

1. Open Altair Activate  

2. Initialization of the parameter’s  

The inputs are defined inside the Editor Initialization, clicking on the model icon: 

 

 

3. Simulation parameters are defined hovering over the simulate item and clicking 

on the icon which pops out 
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4. Model in Altair Activate 

  

5. We will divide the diagram into five parts as  

• Input (xref) 

• Controller (OPcontroller) 

• Plant – The system we want to control (Mass spring damper system). 

• Disturbance  

• Output (Scope). 

a. xref 

xref is the input to the diagram. Use a constant block. Go to Activate< Signal 

generators < Constant. The Constant block generates a constant value. The output 

size and type are defined by the block parameter as shown below 
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b. OPcontroller 

 Create a superblock  

  

One input and output port are used to provide access to the compound block. The 

Gain block is used and this implements a gain operation where the output is 

obtained by multiplying the gain parameter by the input. Go to Activate < 

MathOperations < Gain block and right click on the block to define its parameter. 

k value is defined in Initialization. 

 

c. Plant 

 

The mass spring damper system is considered as the plant. We can refer 

Exercise 1 only to create the diagram. The parameter used is different and the 

value initialized are different in this exercise like m= 1, b = 1, k= 1. 

SpringDamper and Mass parameter are shown below. The system has two 

inputs Fc and Fdisturbance. Select all block shown below and create a 

compound block. 
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SpringDamper parameter 
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Mass parameter  

 
 

d. Disturbance block 

 

In any system the output signal is not the same as the desired ones due to 

disturbances. Here, we consider two cases when the disturbance is ON and 

OFF and observe its effect on the output. Disturbance ON means sinewave is 

considered. Disturbance OFF means constant zero signal is considered. Turn 

ON/OFF the disturbance by the switch block as shown below. 
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Join all the block as shown above and create a compound block. 

 

The two signals are passed to a ManualSelect block.  It selects one of its 

inputs to pass through to the output. The selected input is propagated to the 

output, while the unselected inputs are discarded. Go to Activate < Routing < 

ManualSelect and define the parameter as shown below. 

 

 

Define the parameter for sinewave and constant. 

 

 

 

e. Connect all the above-mentioned blocks along with the scope block and 

define the parameter of scope block as shown below. 
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Working 

 

Select connected input as 2 in the switch block parameters 

• Disturbance is OFF 
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• Disturbance is ON 

 

Select connected input as 1 in switch block parameters 
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Result 

• Disturbance is OFF 

 

 

• Disturbance is ON 

 

From the graph we can observe the response of the plant, here we will 

consider two cases 

• The position of the mass follows the reference signal when the 

disturbance is off. 

• When the disturbance is on, we can observe a deviation of the output 

of plant from the reference signal during steady state, which is known 

as steady state error   
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4.2 Closed Loop Control System 

Closed loop control system is dependent on the output signal of the plant. Output is 

fed back as an input to the controller along with the reference signal the controller 

measures the difference between the two and hence produces the control signal. This 

system is not affected by disturbances and provides accurate results. Closed loop 

controller is also known as Feedback controller. 

 

In the above figure, we can see there is an additional block called sensors. The plant 

output is given as an input to the sensors, the output of sensors is subtracted from 

the reference signal, which is the actual input given to the controller i.e. the difference 

between the two is fed to the controller. The controller decides which control signal 

is to be provided as input to the plant, which gives back the output. 

Advantages 

• More accurate result can be obtained 

• Disturbance can be compensated 

Disadvantage 

• More complicated design 

• More expensive (need sensors) and higher maintenance cost 

Exercise 5 

Design a control system with closed loop controller in Altair Activate 

Implementation Altair Activate 
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Here we can refer to the steps used in Exercise 4 by replacing open loop controller 

block by closed loop controller block with an additional sum block. 

Closed loop block (CLcontroller) 

   

Create a compound block as shown above. Closed loop controller uses PID block which 

implements a PID controller. The PID controller calculation (algorithm) involves three 

separate parameters: Proportional, Integral and Derivative. The Proportional value 

determines the reaction to the current error, the Integral value determines the 

reaction based on the sum of recent errors, and the Derivative value determines the 

reaction to the rate at which the error has been changing. For more details refer PID 

controller in the next section. The weighted sum of these three actions is used to 

adjust the process via a control element such as the position of a control valve or the 

power supply of a heating element. Go to Activate<Dynamical< PID and define the 

parameter as shown below. 
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Define a sum block. Go to Activate < MathOperations < Sum block and right click on 

the block to define its parameters. 

 

Result S 

• Disturbance is OFF 

  

• Disturbance is ON 
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We can observe that the response of the plant has less overshoot and settling time 

compared to open loop response. 

• The position of the mass follows the reference signal when the disturbance is 

off. 

• When the disturbance is on, even in this case the position of the mass follows 

the reference signal along with some disturbance. 

In closed loop controller due to the feedback of the output, if there is any difference 

between the output and the reference signal, it can be compensated by the controller 

to get the desired output. 

4.3 Open + Closed Loop Control 

The combination of open loop controller and closed loop controller improves the 

performance of the plant and provides faster control action. The open loop controller 

directly provides the control action needed to follow the reference, while the closed 

loop controller fine tunes this action. In this way, we compensate for modeling errors 

and disturbances. 

 

Exercise 6 

Design a control system with open loop and closed loop controllers in Altair Activate 

Implementation in Altair Activate 

Refer Exercise 4 and Exercise 5 for the steps to create the block diagram. 
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Result 

• Disturbance OFF 

 

• Disturbance ON 
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We can observe the fast output response of the plant, very less overshoot and settling 

time compared to just closed loop response or just open loop response 

• The position of the mass follows the reference signal when the disturbance is off. 

• When the disturbance is on - even in this case the  position of the mass follows 

the reference signal along with some disturbance. 

 

4.4 Classic Control Theory 

Classic control theory is a branch of control theory which deals with dynamic system 

behavior and the system behavior is improved by using closed loop control. Classic 

control theory usually deals with single input and single output (SISO) systems. The 

system, when linear,  is usually modeled using the Laplace transform and the transfer 

function approach. 

Here in this section, we will first discuss how to find the transfer function of open loop 

systems and use this to find the same for closed loop systems. Then we will learn 

about the PID controller which is used for closed loop control. 

4.4.1 Open Loop and Closed Loop Transfer Functions  

 

The above is the closed loop system and we can write the output equation as 

𝑌(𝑠)  =  𝐺(𝑠)𝑈(𝑠) 

𝑌(𝑠)  =  𝐺(𝑠)𝐻𝑐(𝑠)𝐸(𝑠) 

𝑌(𝑠)  =  𝐺(𝑠)𝐻𝑐(𝑠)[𝑅(𝑠)  −  𝐹(𝑠)𝑌(𝑠)] 

GOL(s) = G(s) Hc(s)is the open loop transfer function 

[1 + 𝐺𝑂𝐿(𝑠)𝐹(𝑠)]𝑌(𝑠)  =  𝐺𝑂𝐿(𝑠)𝑅(𝑠) 
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𝑌(𝑠)  =  
𝐺𝑂𝐿𝑅(𝑠)

1 + 𝐺𝑂𝐿(s)F(s)
 

𝐺𝐶𝐿 =  
𝑌(𝑠)

𝑅(𝑠)
 =  

𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(s)F(s)
 

 

𝐺𝐶𝐿 is the transfer function of closed loop. 

 

4.4.2 PID Controller 

PID controller is the most commonly used closed loop controller. PID stands for 

Proportional – Integral – Derivative. The output of this controller is the combination 

of outputs of proportional, integral and derivative controllers. The difference 

between the feedback signal and the reference signal is passed on to the PID 

controller, which continuously calculates the error value and produces the control 

signal based on the Proportional – Integral – Derivative terms. 

Schematic representation of PID controller. 

 

Let’s understand each term:  

Proportional: In this current error is considered and the controller output can be 

adjusted by multiplying the error signal by a proportional gain constant (Kp). A high 

proportional gain determines high responsiveness of the system, which means the 

high gain value will produce a fast system and reduces the steady state error but it 

also increases the system overshoot 

𝑢(𝑡)  =  𝐾𝑝  𝑒(𝑡) 

Where e(t) is the error signal, Kp is the proportional gain constant. 
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Integrative: This considers the cumulative sum of past errors, which is then multiplied 

by the integral gain constant. A high integrative gain (Ki) removes steady state error, 

improves the transient response but also increases the system settling time. 

𝑢(𝑡)  =   𝐾𝑖  ∫ 𝑒(𝑡)  

Derivative: This considers the rate of change of the error, which is then multiplied by 

a derivative gain Kd. A high derivative gain decreases overshoot, settling time and 

improves the stability but it has a small effect on the rise time and steady state error. 

𝑢(𝑡)  =  𝐾𝑑

𝑒(𝑡)

𝑑𝑡
 

The mathematical representation of PID controller is hence given as below  

𝑢(𝑡)  =  𝐾𝑝  𝑒(𝑡)  +  𝐾𝑖  ∫ 𝑒(𝑡) 𝑑𝑡 +  𝐾𝑑

𝑑(𝑒(𝑡))

𝑑𝑡
 

The output of the PID controller consists of proportional error signal added with 

integral and derivative of error signal. 

Taking Laplace transforms on both sides of the PID controller equation we get the 

transfer function for the PID controller. 

𝑈(𝑠)  =  𝐾𝑝𝐸(𝑠) +  
𝐾𝑖

𝑠
 𝐸(𝑠) +  𝐾𝑑𝑠 𝐸(𝑠) 

𝑈(𝑠)  =  𝐸(𝑠)[𝐾𝑝 +  
𝐾𝑖

𝑠
 +  𝐾𝑑𝑠 ] 

𝑈(𝑠)

𝐸(𝑠)
 =

𝐾𝑑𝑠2 +  𝐾𝑝𝑠 +  𝐾𝑖

𝑠
  

In reality the derivative action is multiplied by a first order low-pass filter to obtain a 

proper transfer function. In this discussion we neglect this aspect. 

Block diagram for PID controller and the plant 
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Where  𝑿𝒓𝒆𝒇(𝒔) = Reference signal (Consider the reference signal equal to unit step) 

E(s) = Error signal 

FB(s) = Feedback signal 

U(s) = PID controller output 

X(s) = Plant output  

Kp is the proportional gain, Ki is the integral gain and Kd is the derivative gain. 

 

4.4.3 Steady State Error 

The deviation of the output response from the input reference (when the output 

response is steady) is known as steady state error. In this section, we show that the 

steady state error is not completely eliminated by using proportional action only or 

by using proportional and derivative action together but can be eliminated by using 

all three actions - proportional, derivate and integral actions together. Here we 

consider the reference signal to be a unit step signal and the plant to be a mass spring 

damper system. 

Proportional Action Kp 

In the first case, we will consider only proportional action on the plant. The input to 

the controller is proportional to the error between the reference and the feedback 

signal of the mass. 

PID = KP 
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The transfer function of the open loop and closed loop is given as 

𝐺𝑂𝐿(𝑠)  =  𝐾𝑝𝐺𝑃𝑙𝑎𝑛𝑡(𝑠) 

where 𝐺𝑃𝑙𝑎𝑛𝑡(𝑠)  =  
1

𝑚𝑠2 + 𝑏𝑠+𝑘
  

𝐺𝑂𝐿(𝑠)  =  
𝐾𝑝

𝑚𝑠2  +  𝑏𝑠 + 𝑘
 

𝐺𝐶𝐿(𝑠)  =  
𝑋(𝑠)

𝑋𝑟𝑒𝑓(𝑠)
 =  

𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

𝐺𝐶𝐿(𝑠)  = 𝑋(𝑠)  =  
𝑋𝑟𝑒𝑓(𝑠). 𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

The output of the summing point 

𝐸(𝑠)  = 𝑋𝑟𝑒𝑓(𝑠)  −   𝑋(𝑠) 

Substitute 𝑋(𝑠) in 𝐸(𝑠) ,  

𝐸(𝑠)  =  
𝑋𝑟𝑒𝑓(𝑠)  + 𝑋𝑟𝑒𝑓(𝑠). 𝐺𝑂𝐿(𝑠) −  𝑋𝑟𝑒𝑓(𝑠). 𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

𝐸(𝑠)  =  
𝑋𝑟𝑒𝑓(𝑠) 

1 + 𝐺𝑂𝐿(𝑠)
 

𝐸(𝑠)

𝑋𝑟𝑒𝑓(𝑠) 
 =  

1

1 + 𝐺𝑂𝐿(𝑠)
 =  𝐺(𝑠) 

Substitute  𝐺𝑂𝐿(𝑠) in the above equation 

 
𝑚𝑠2  +  𝑏𝑠 + 𝑘

𝑚𝑠2  +  𝑏𝑠 + 𝑘 + 𝐾𝑝
= 𝐺(𝑠) 

We can find steady state error using the final value theorem as below 

𝑒(∞)  =  lim
𝑠→0

𝑠𝐸(𝑠) 

Substitute E(s) in above equation 

𝑒(∞)  =  lim
𝑠→0

𝐺(𝑠) 𝑋𝑟𝑒𝑓(𝑠) 
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Knowing that the Laplace transform of a unit step (in time domain) is 
1

𝑠
 we get 

𝑒(∞)  =  lim
𝑠→0

𝑠𝐺(𝑠)
1

𝑠
 

𝑒(∞)  =  lim
𝑠→0

𝐺(𝑠)   =  lim
𝑠→0

 
𝑚𝑠2  +  𝑏𝑠 + 𝑘

𝑚𝑠2  +  𝑏𝑠 + 𝑘 + 𝐾𝑝
 =  

𝑘

𝑘 + 𝐾𝑝
  

Large value of Kp leads to smaller steady state error and reduces the rise time, if Kp 

tends to infinity then the steady state error will tend to 0 but not be eliminated 

completely.  

Disadvantage 

Large Kp value increases overshoot 

Proportional & Derivative Actions Kp ,Kd 

In this case we will consider proportional action and derivative actions on the plant. 

The input to the controller is proportional to the error between the reference and the 

feedback signal of the mass and proportional to the error derivative 

𝑃𝐼𝐷 (𝑠)  =  𝐾𝑝  + 𝐾𝑑s 

The transfer function of the open loop and closed loop is given as 

𝐺𝑂𝐿(𝑠)  =  𝐾𝑝  + 𝐾𝑑s ∗ 𝐺𝑃𝑙𝑎𝑛𝑡(𝑠) 

where 𝐺𝑃𝑙𝑎𝑛𝑡(𝑠)  =  
1

𝑚𝑠2 + 𝑏𝑠+𝑘
  

𝐺𝑂𝐿(𝑠)  =  
𝐾𝑝  + 𝐾𝑑s

𝑚𝑠2  +  𝑏𝑠 + 𝑘
 

𝐺𝐶𝐿(𝑠) =
𝑋(𝑠)

𝑋𝑟𝑒𝑓(𝑠)
=  

𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

𝐺𝐶𝐿(𝑠) = 𝑋(𝑠) =  
𝑋𝑟𝑒𝑓(𝑠)𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

The output of the summing point 

𝐸(𝑠)  = 𝑋𝑟𝑒𝑓(𝑠)  −   𝑋(𝑠) 
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Substitute X(s) in E(s) ,  

𝐸(𝑠)

𝑋𝑟𝑒𝑓(𝑠) 
 =  

1

1 + 𝐺𝑂𝐿(𝑠)
 =  𝐺(𝑠) 

Substitute 𝐺𝑂𝐿(𝑠) in above equation 

𝐺(𝑠)  =  
𝑚𝑠2  +  𝑏𝑠 + 𝑘

𝑚𝑠2  +  (𝑏  + 𝐾𝑑)𝑠 + 𝑘 + 𝐾𝑝
 

We can find steady state error using the final value theorem as below 

𝑒(∞)  =  lim
𝑠→0

𝑠𝐸(𝑠) 

Substitute E(s) in above equation 

𝑒(∞)  =  lim
𝑠→0

𝐺(𝑠) 𝑋𝑟𝑒𝑓(𝑠) 

Knowing that the Laplace transform of a unit step (in time domain) is 
1

𝑠
 we get 

𝑒(∞)  =  lim
𝑠→0

𝑠𝐺(𝑠)
1

𝑠
 

𝑒(∞)  =  lim
𝑠→0

𝐺(𝑠)   =  lim
𝑠→0

𝑚𝑠2  +  𝑏𝑠 + 𝑘

𝑚𝑠2  +  (𝑏  + 𝐾𝑑)𝑠 + 𝑘 + 𝐾𝑝
 =  

𝑘

𝑘 + 𝐾𝑝
  

In PD controller large value of Kp and Kd leads to smaller steady state error, if kp tends 

to infinity then the steady state error will tend to 0 but not be eliminated completely. 

Disadvantages 

• Large Kp value increases overshoot 

• Large Kd value decreases the settling time and response time of the system  

• The system becomes more susceptible to noise, leading to instability of the 

system 

Proportional, Derivative & Integral Actions Kp ,Kd, Ki 

We provide in input a control force proportional to the error between the reference 

and the feedback, proportional to its derivative and proportional to its integral. 
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𝑃𝐼𝐷 (𝑠)  =
𝐾𝑑 𝑠

2  + 𝐾𝑝s +  𝐾𝑖

𝑠
  

The transfer function of the open loop and closed loop is given as 

𝐺𝑂𝐿(𝑠)  =  
𝐾𝑑 𝑠

2  + 𝐾𝑝s +  𝐾𝑖

𝑠
 ∗ 𝐺𝑃𝑙𝑎𝑛𝑡(𝑠) 

where 𝐺𝑃𝑙𝑎𝑛𝑡(𝑠)  =  
1

𝑚𝑠2 + 𝑏𝑠+𝑘
  

𝐺𝑂𝐿(𝑠)  =
𝐾𝑑 𝑠

2  + 𝐾𝑝s +  𝐾𝑖

𝑠
∗  

1

𝑚𝑠2  +  𝑏𝑠 + 𝑘
 

  

𝐺𝐶𝐿(𝑠)  =  
𝑋(𝑠)

𝑋𝑟𝑒𝑓(𝑠)
 

𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

𝐺𝐶𝐿(𝑠) = 𝑋(𝑠) =  
𝑋𝑟𝑒𝑓(𝑠)𝐺𝑂𝐿(𝑠)

1 + 𝐺𝑂𝐿(𝑠)
 

The output of the summing point 

𝐸(𝑠)  = 𝑋𝑟𝑒𝑓(𝑠)  −   𝑋(𝑠) 

Substitute X(s) in E(s) ,  

𝐸(𝑠)

𝑋𝑟𝑒𝑓(𝑠) 
 =  

1

1 + 𝐺𝑂𝐿(𝑠)
 =  𝐺(𝑠) 

Substitute 𝐺𝑂𝐿(𝑠) in above equation 

𝐺(𝑠)  =  
𝑠(𝑚𝑠2  +  𝑏𝑠 + 𝑘)

𝑚𝑠3  +  𝑏𝑠2   + (𝐾𝑑 + 𝑘 + 𝐾𝑝)𝑠 +  𝐾𝑖
 

We can find steady state error using the final value theorem as below 

𝑒(∞)  =  lim
𝑠→0

𝑠𝐸(𝑠) 

Substitute E(s) in above equation 

𝑒(∞)  =  lim
𝑠→0

𝐺(𝑠) 𝑋𝑟𝑒𝑓(𝑠) 
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Knowing that the Laplace transform of a unit step (in time domain) is 
1

𝑠
 we get 

𝑒(∞)  =  lim
𝑠→0

𝑠𝐺(𝑠)
1

𝑠
 

 𝑒(∞)  =  lim
𝑠→0

𝐺(𝑠)   =  lim
𝑠→0

 
𝑠(𝑚𝑠2  +  𝑏𝑠 + 𝑘)

𝑚𝑠3  +  𝑏𝑠2   + (𝐾𝑑 + 𝑘 + 𝐾𝑝)𝑠 + 𝐾𝑖
 =  0  

Thus, a PID controller has zero steady state error with reasonable transient response 

and decreased settling time. This means we need a transfer function G(s) with at least 

one pole at the origin, to have a controlled system whose steady state is zero. Thanks 

to the integral control action we are now able to fully cancel the steady state error.  

 

Exercise 7 

Design a classic PID controller with Altair Activate 

Implementation in Altair Activate 

Let’s consider the mass spring damper as a plant and use PID controller.  

The input is a unit step signal, this is passed to the controller. In the controller it is 

multiplied by the PID gain parameters and then given as an input to the plant.  

As we know the equation of mass spring damper system is  

𝑚�̈� + 𝑏�̇� + 𝑘𝑥 = 𝐹 

Step to create the block diagram. 

1. Open Altair Activate by double click on icon on the desktop 

2. Simulation parameters are defined hovering over the simulate item and clicking 

on the icon which pops out 
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3. Model in Altair Activate 

  

 

4. Information of block used 

a) Step Generator 

 

This block generates a step signal. The output signal remains at its Initial value (a 

parameter) until simulation time reaches the Step time value. Then, the output 

jumps and stays to the Final value (a parameter). Go to Activate < Signal 

generators < Step Generator and define the parameters as shown. 
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b) PID Controller  

The PID controller calculation (algorithm) involves three separate parameters: 

Proportional, Integral and Derivative. The Proportional value determines the 

reaction to the current error, the Integral value determines the reaction based on 

the sum of recent errors, and the Derivative value determines the reaction to the 

rate at which the error has been changing. The weighted sum of these three 

actions is used to adjust the process via a control element such as the position of 

a control valve or the power supply of a heating element. Go to 

Activate<Dynamical< PID and define the parameters as shown below. 

 

 

c) Plant 

The mass spring damper system is considered as the plant. We can refer to 

Exercise 1 but only to create the diagram. The parameter values initialized are 

different in this exercise like SpringDamper and Mass parameter as shown below.  
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SpringDamper parameters 

 

Mass parameters  
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d) Connect all the above mentioned blocks along with scope block and define 

the parameters of scope block as shown below. 

 

 

 

e) EventClock  

The EventClock generates regular events with a frequency equal to 1 / Period, 

starting after a user-defined offset. The event generated by this block is 

asynchronous with events by another block, and it's not considered periodic. 

If connected with ExtractPeriod, an error will be raised. Go to Activate < 

ActivationOperations < EventClock and define the parameters 
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f) Create a compound block and name is as 2D_Animation 

 

• In the above diagram three constant blocks are used, define their parameters 

as shown in the diagram 

• MatrixExpression 

The output of this block is a matrix obtained by evaluating the matrix 

expression specified in the block parameters. The expression specifies the 

output in terms of input matrices u1,...un where ui is the ith matrix input and 

matrix parameters (defined in the context of the diagram) and constants. Only 

real matrices are supported. Go to Activate < Matrix Operation 

<MatrixExpression and define the parameters as shown below 

 

Use another MatrixExpression and define the parameters as shown below 
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• EventInput 

Placed in the diagram of a super block, the EventInput block adds an 

activation input port to the super block for linking activation signals outside 

of the super block to blocks inside of the super block. Any link, outside of the 

super block, that is connected to the activation input port extends to the 

corresponding EventInput block inside of the super block. Go to Activate < 

Port s < EventInput. 

The parameter Port number determines the relationship between the port 

block and the port on the super block. By default, the input ports are 

numbered sequentially from left to right. Define its parameter as shown 

below. 
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• Anim2D block 

The animation block is used to animate different types of graphical objects in 

a Figure (on a canvas). An input is associated with an object type. Type 1 is a 

closed polyline and the input is a Nx2 matrix where each row represents the 

x, y coordinates of a point. Type 2 is similar to 1 but the polyline is not closed. 

Type 3 corresponds to circles and the input is a Mx3 matrix. Each row 

corresponds to a circle and contains the x, y coordinates of the center of the 

circle and its radius. Type 4 corresponds to rectangles and the input is a Kx4 

matrix. Each row corresponds to a rectangle and contains the x, y coordinates 

of the lower left corner of the rectangle, and its width and height. 

When the block is activated through its first input activation port, the 

animation advances by moving all the objects to the positions specified by the 

current input signals. When activated through its second activation port, the 

objects are duplicated, and a copy is frozen in place in order to create 

snapshots. Object types can be given as negative values (-1 instead of 1, -2 

instead of 2, etc.). Objects with negative types are not included in snapshots. 

Go to Activate < SignalViewers < Anim2D. Define the parameters as shown 

below. 

 

 

5. Result 

By seeing the animation results we can see that the mass is moving around the 

reference line and the corresponding system response simultaneously.   
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From the above system response, we can see the rise time is less, there is less 

overshoot and the system is a stable system.  

 

4.5 Modern Control Theory 

Modern control is a branch of control theory which deals with dynamic systems and 

essentially uses the time domain approach i.e. the system of differential equations is 

converted into a first order formulation known as state space representation. Modern 

control deals with multiple inputs and multiple outputs (MIMO) for a linear system. 

Here, we will first discuss the pole placement controller, in which by choosing the 

closed loop pole locations on the s plane we automatically compute the  controller 

gain value. Secondly, we will discuss Optimal control, which defines the gains of a 

feedback controller in order to minimize a certain cost function. 

4.5.1 Pole Placement Controller 

The location of the poles describes the stability of the system. Hence, we can modify 

the location of the poles in order to obtain a stable system by using pole placement 

control technique. In the below technique, we calculate the controller gains in order 

to place the eigenvalues (poles) of the controlled system in the defined location of the 

s plane. 

Let’s consider the state space representation 
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�̇�(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐵(𝑡)𝑢(𝑡)

𝑦(𝑡) = 𝐶(𝑡)𝑥(𝑡) + 𝐷(𝑡)𝑢(𝑡)
 

 

The thick line indicates that there are multiple inputs, outputs and state variables. In 

pole placement, every state variable (𝑥(𝑡)) is used to compute the error on the state 

which is then multiplied by gain matrix (K). The result is the control action (𝑢(𝑡)), 

usually a vector, which is fed to the plant. 

Our objective is to place the poles in order to improve system dynamical properties. 

Considering same example of Exercise 7, we can apply an input 𝑢(𝑡) here as a function 

of the system state and the reference state, 

𝑢(𝑡) = 𝐾 ( 𝑥𝑟𝑒𝑓(𝑡) − 𝑥(𝑡))  where   𝐾 = [𝑘1 𝑘2] 

 𝑥𝑟𝑒𝑓(𝑡) is the vector of desired state variables and K is the state feedback gain matrix, 

[𝑘1 𝑘2]  are the two controller gains. 

Substituting 𝑢(𝑡) into the state space equation 

 𝑥(𝑡)̇ = 𝐴 𝑥(𝑡) + 𝐵𝐾 (  𝑥𝑟𝑒𝑓(𝑡) −  𝑥(𝑡)) 

 𝑥(𝑡)̇ = [𝐴 − 𝐵𝐾] 𝑥(𝑡) + 𝐵𝐾 𝑥𝑟𝑒𝑓(𝑡) 

 𝑥(𝑡)̇ = [−
𝑏

𝑚
−

𝑘1

𝑚
−

𝑘

𝑚
−

𝑘2

𝑚
1 0

]  𝑥(𝑡) + [
𝑘1

𝑚

𝑘2

𝑚
0 0

]  𝑥𝑟𝑒𝑓(𝑡) 

We can consider 𝐴∗ = [𝐴 − 𝐵𝐾], This difference is our new state matrix.  

By choosing appropriate K values we can move the two-poles location of the 

controlled system to the desired one (if the system is controllable).   
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How to find the K value? 

We can find this by using a function “place”, Refer Exercise 8. 

 

Exercise 8 

Design a model of Pole placement controller to control mass spring damper system. 

1. The Conventional method of finding poles in state space representation (Refer 

Example 4). 

Consider the controller is OFF in this case. 

• Find state space equation. 

• Find eigenvalue for A Matrix 

The eigenvalues 𝜆 of the matrix A coincides with the system poles. 

• If the poles are not on the left side of s plane or at the desired location, then 

use the pole placement method. 

2. Pole placement method. Consider the controller is ON 

• Find eigenvalue for new 𝐴∗  =  [𝐴 − 𝐵𝐾] Matrix 

• We can obtain the new pole location from the desired new eigenvalues 

Implementation in Altair Activate 

1. Open Altair Activate  

2. Initialization of the parameters 

The inputs are defined inside the Editor Initialization, clicking on the model icon: 
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close all 

control=0; % 0 = control off, 1 = control on 

xref=[0;0]; 

x0=[0;1] 

m=1; 

b=0; 

k=1; 

w0=sqrt(k/m); 

p=[-w0+i*w0; -w0-i*w0]; 

[A,B,C,D]=tf2ss([1],[m b k]); 

K=place(A,B,p); 

plot(real(eig(A)),imag(eig(A)),'xb'); 

hold;  

if control 

plot(real(p),imag(p),'oc','markersize',5); 

plot(real(eig(A-B*K)),imag(eig(A-B*K)),'xr'); 

end 

grid; 

xlabel('Real [rad/s]') 

ylabel('Imag [rad/s]') 

title('Root Locus') 

legend({'poles sys','wanted poles','poles controlled 

sys'},'Location','east') 

 

• Initialize some variables and constants 

• Find the vector of the desired pole location (p) 

• Find the state space equation by an inbuilt function “tf2ss” To convert the 

transfer function to a state-space. 

• Find the feedback gain matrix by an inbuilt function “K = place(A,B,p)” , 

where place is used for pole assignment, A and B are the matrix of state space 

equation, p desired pole locations. 

• Find eigenvalue by an inbuilt function “eig” 

• If the poles are not as the desired pole values, then “on” the controller 

Find the eigenvalue for new A matrix. To get the desired pole location. 

• Use plot commands for generating plots as shown above 
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3. Simulation parameters are defined hovering over the simulate item and clicking 

on the icon which pops out 

 

 

4. Model in Altair Activate 

 

5. Block used and their parameter 

a. PPController  

 

 

Create a compound block as shown above. 
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• MatrixGain 

 

This block computes the matrix product of the block Gain parameter with the 

block input. A block parameter specifies whether the product is a left, right or 

element-wise multiplication. The inputs and the outputs must have the same 

datatype. In case of integer datatypes, a block parameter specifies the behavior 

of the block on overflow. Go to Activate < MatrixOperations < MatrixGain and 

their parameters shown below. 

 

• StructuralSwitch 

 

The StructuralSwitch block changes the diagram topology when its parameter is 

changed. When the connected input parameter is set to n, the block becomes 

equivalent to a link connection from nth input to the output. Other inputs remain 

unconnected. Compared to the block Manual Switch, which depending on the 

value of its parameters copies one of its inputs to the output, any block connected 

to the output of the Structural Switch that inherits its activation, it inherits it only 

through the connected input (in the case of ManualSwitch it inherits through all 
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inputs of the block). The other important difference is that the inputs of the 

StructuralSwitch block need not have equal sizes. 

The StructuralSwitch block is a programmable Super Block containing Set and Get 

Signal blocks with parameterized names. 

Due to the structural change produced in the diagram when the block parameter 

is changed, a recompilation is needed following such a change. This implies in 

particular that a simulation cannot be continued following a parameter change.  

Go to Activate < Routing < StructuralSwitch and their parameter 

 

 

6. Plant 

 

• ContStateSpace 

 

The ContStateSpace block realizes a continuous-time linear state-space system. 

The system is defined by the A,B,C,D matrices and the initial state vector x0.The 

system is xdot = Ax + bu and y = Cx + du where x (size n) is the vector of the state 

variables, u is the vector of inputs (size m) and y (size r) is the vector of outputs. 

Go to Activate < Dynamical < ContStateSpace. Define their parameters. 
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7. Extractor 

 

This block extracts entries of the input matrix for the construction of new output 

matrices. The indices of the entries of the input matrix and the shapes of output 

matrices are specified by the block parameters. Any entry of the input matrix may be 

used any number of times, or not at all. The indices should be represented as a scalar 

or a matrix, and the dimension of extracted data is the same as indices used as block 

parameters. When an input signal is a matrix rather than a vector, it is indexed in the 

column major way. For example, the input signal is a matrix [1 2 3;4 5 6;7 8 9], to 

extract the entries by indices [4 3 2 1], the extracted vector is [2 7 4 1]. Go to Activate 

< Routing < Exactor and their parameter. 
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Result 

• When the controller is zero (OFF) 

 

  

 

When the controller is off the pole value are s1 = −0 + 1𝑖 , s2 = 0 −   1𝑖 .These values 

lie on the imaginary axis and the natural response of the system is the sinusoidal 

response as shown in the above and the system is marginal stable. 
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• When the controller is one (ON) 

 

 

 

The poles values are s1 = −1 + 1𝑖 , s2 = −1 −   1𝑖 .These values lie on the left half of 

s-plane and the natural response of the system is exponential decay response as 

shown above. The system said to be asymptotic stable due to pole placement. 
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4.5.2 Optimal Control 

So far, we have determined the gains of the controller by only looking at the 

position of the poles, but it can be difficult to decide their position a priori. What we 

want to do now with optimal control is to look for the gains that minimize a cost 

function.  

 
The block diagram of optimal controller  

 

Why are we using a different name for the same diagram?  

The controller architecture is the same in both methods but the computation of the 

gain values is different here. 

In pole placement gain value is chosen based on where we want to locate poles of the 

controlled system. The difficulty in this method is to choose a priori a location which 

guarantees appropriate performance.  

In optimal control methods we do not choose the pole location, we find the optimal 

gain value by minimizing a quadratic cost function.  

Here is an example cost function, considering the performance of the system 

regarding a reference signal: 

𝐽 = ∫ ([𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)]
𝑇

𝑄[𝒙(𝑡) − 𝒙𝒓𝒆𝒇(𝑡)]) 𝑑𝑡

𝑡𝑓

𝑡0

 

Where Q = performance 
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However, we can take the control forces (controller effort) with respect to final 

conditions ( tf ) into account, the cost function now becomes  

𝐽 = [𝑥(𝑡𝑓) − 𝑥𝑟𝑒𝑓(𝑡𝑓)]
𝑇

𝑊[𝑥(𝑡𝑓) − 𝑥𝑟𝑒𝑓(𝑡𝑓)]

+ ∫ ([𝑥(𝑡) − 𝑥𝑟𝑒𝑓(𝑡)]
𝑇

𝑄[𝑥(𝑡) − 𝑥𝑟𝑒𝑓(𝑡)] + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)) 𝑑𝑡

𝑡𝑓

𝑡0

 

The cost function now includes - 

• The error between the reference and the actual state at a final time (weighted 

with matrix W) 

• The error integral between the reference and the actual state during the 

simulation (weighted with matrix Q) 

• The integral of the control force, here 𝑢(𝑡) , during the simulation (weighted 

with matrix R) 

Matrixes W,Q,R will change the optimum location => [k1 k2] gain values, note  𝐾 =

[𝑘1 𝑘2] , 

Consider “linear quadratic control” for a regulator problem (𝑥𝑟𝑒𝑓(𝑡)  =  0). It means 

we are aiming at evaluating 𝑢(𝑡)  =  −𝐾𝑥(𝑡) 

This minimizes the quadratic cost function from 

𝐽 = [𝑥(𝑡𝑓) − 𝑥𝑟𝑒𝑓(𝑡𝑓)]
𝑇

𝑊[𝑥(𝑡𝑓) − 𝑥𝑟𝑒𝑓(𝑡𝑓)]

+ ∫ ([𝑥(𝑡) − 𝑥𝑟𝑒𝑓(𝑡)]
𝑇

𝑄[𝑥(𝑡) − 𝑥𝑟𝑒𝑓(𝑡)] + 𝑢(𝑡)𝑇𝑅𝑢(𝑡)) 𝑑𝑡

𝑡𝑓

𝑡0

 

To  

𝐽 =  𝑥(𝑡𝑓)
𝑇

𝑊𝑥(𝑡𝑓)  +  ∫ (𝑥(𝑡)𝑇𝑄𝑥(𝑡) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡))𝑑𝑡

𝑡𝑓

𝑡0

 

For a system �̇�(𝑡)  =  𝐴𝑥(𝑡)  + 𝐵𝑢(𝑡) In case the system has to be controlled for 

infinite time (𝑡𝑓 →  ∞), the cost function now becomes: 
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𝐽 = ∫ (𝑥(𝑡)𝑇𝑄𝑥(𝑡) + 𝑢(𝑡)𝑇𝑅𝑢(𝑡))𝑑𝑡

∞

0

 

We can solve the above equation which gives the feedback gain matrix and poles of 

the controlled system. The reader has to assign the elements of matrix Q(semi-

positive) and matrix R(positive). The simple way to do it is to define a diagonal matrix 

with higher values for the entries we want to penalize. 

• To obtain minimum error between the reference and the actual state during 

simulation we need to increase the elements in matrix Q (in general diagonal 

matrix) 

• Vice versa, if I want to limit the control force to save energy, then we need to 

increase the elements in matrix R 

Solving the minimization problem gives 

�̇�(𝑡)  =  (𝐴 − 𝐵𝐾)𝑥(𝑡) 

The above equation gives us a new location of the poles of the controlled system. 

Exercise 9  

Design a model with optimal control to control the mass spring damper system 

1. Consider the controller is OFF 

• Develop a linear model (state space model) 

• Adjust Q and R matrix 

• Find the optimal gain by an inbuilt function “k = lqr(A,B,Q,R)” where lqr is 

the linear quadratic regulator for a continuous time model. 

• Find eigenvalue for “A” Matrix 

The eigenvalues 𝜆 of the matrix A coincides with the system poles. 

• If the poles are not on the left side of s plane or at the desired location, 

then ON the controller  

2. Consider the controller is ON 

• Find eigenvalue for new 𝐴∗  =  [𝐴 − 𝐵𝐾] Matrix 

• We can obtain the new pole location from new eigenvalues 
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Implementation in Altair Activate 

1. Initialization of the parameters 
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close all 

control=1; % 0 = control off, 1 = control on 

xref=[0;0]; 

x0=[0;1] 

m=1; 

b=0; 

k=1; 

Q=diag([10;10]);% TRY to set diag([1;1]) 

R=1; 

[A,B,C,D]=tf2ss([1],[m b k]); 

C=eye(2,2); 

D=zeros(2,1); 

K=lqr(ss(A,B,C,D),Q,R); 

plot(real(eig(A)),imag(eig(A)),'xb'); 

hold;  

if control 

plot(real(eig(A-B*K)),imag(eig(A-B*K)),'xr'); 

end 

grid; 

xlabel('Real [rad/s]') 

ylabel('Imag [rad/s]') 

title('Root Locus') 

legend({'poles sys','poles controlled sys'},'Location','east') 

 

• Initialize the parameters 

• Enter Q and R value. 

• Find the state space equation by an inbuilt function “tf2ss” 

• Find the feedback gain matrix by an inbuilt function “K = 

lqr(ss(A,B,C,D)Q,R)”  

• Find eigenvalue by an inbuilt function “eig” 

• If the poles are not as the desired pole values, then “on” the controller 

Find the eigenvalue for new A matrix. To get the desired pole location. 

• Use plot commands for generating plots as shown above 

Refer the Exercise 8 for the simulation parameters and model design in Altair Activate 
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Result:  

• When the controller is zero (OFF) 

 

 

 

When the controller is off the pole value are s1 = −0 + 1𝑖 , s2 = 0 −   1𝑖 .These values 

lie on the imaginary axis and the natural response of the system is the sinusoidal 

response as shown in the above and the system is marginal stable. 
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• When the controller is 1 (ON) 

 

 

 

 

When the controller is ON, the pole value is s1 = -2.49721, s2 = -1.32813. These values 

lie on the left half of s-plane and the natural response of the system is exponential 

decay response as shown above. The system is said to be asymptotically stable. 
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4.5.3 Difference between PID Control, Pole Placement Control 

and Optimal Control 

Controller 
type 

PID control Pole placement 
control 

Optimal control 

Advantages  • Easy to 
implement 

• Can be used to 
control nonlinear 
systems 

Deep control on 
the system poles 
improve stability 
and velocity 
 

Deep control on 
the performances 
you are interested 
in through the 
weight matrices 
W, Q, R. 

Disadvantages Difficult to tune the 
PID gains to get the 
desired 
performances  

• Need to have a 
linear time 
invariant 
/variant system 
formulation 

• Need to know 
the whole 
system state 

• For high order 
system difficult 
to decide a 
priori where 
placing the 
poles of the 
controlled 
system 

• Can be applied 
only on linear 
time invariant 
/variant 
system 

• Need to know 
the whole 
system state 

 

4.5.5 Classic Control versus Modern Control 

Classic Control Modern Control 

Classic control theory deals with a single 

input and single output (SISO) 

linear/nonlinear systems 

The modern control deals with multiple 

inputs and multiple outputs (MIMO) 

linear systems 

Usually based on a transfer function 

approach 

Based on a state space representation 

approach 

Frequency domain (usually based on the 

Laplace transform) 

Time domain (based on the state space 

representation) 
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Appendix 

Altair Activate 

What is Altair Activate? 

Altair Activate software is an open & flexible tool for rapidly modeling and simulating 

products as multi-disciplinary systems in the form of 1D models (expressed as signal-

based or physical block diagrams), optionally coupled to 3D models. 

Leverage a flexible spectrum of simulations throughout your development cycle – 

ranging from early concept design (with models involving more abstraction and 

typically shorter simulations) to later detailed design (with less model abstraction & 

longer simulations). The software is especially useful for signal-processing and 

controller design that requires both continuous-time and discrete-time components. 

It is a tool for modeling dynamic systems, both continuous and discrete and their 

controls using a graphical language.  
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User Interface Layout 

 

Menu Bar 

The File, Edit, View and Tools pull-down menus provide access to basic functions of 

the software. 

File Menu 

Provides access to standard file options as well as block libraries, screen captures, 

system preferences, help and tutorials. 

Edit Menu 

Provides standard cut, copy and paste options. 

View Menu 

Provides access to the Project Browser, File Browser, Variable Browser, Palette 

Browser, Property Editor, Command History and OML Command Window. 

Tools Menu 

Provides access to the OML Editor, Optimization Editor, Linearization Editor, Block 

Builder, Compile controls, FMU 2.0 interface, and the Generate C-Block option. 
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Ribbon 

The ribbon is the area of the GUI where you can access a variety of modeling and 

simulation tools. Some tools are arranged into tool groups. Hovering over a tool group 

highlights the individual tools in the group. 

• Files 

The Files tool group provides standard options to create new, open existing and 

save files. 

• Model 

The Model tool lets you define initialization information for a model as well as 

archival information such as a model name, creation date and description. 

• Diagram 

The Diagram tool lets you define a context for a diagram and view the parameters 

for a diagram. 

• Simulate 

The Simulate tool group provides the options to set up, run, suspend and resume 

the simulation of a diagram. 

• Super Block 

The Super Block tool converts a group of blocks into a super block. The super block 

facilitates a group of blocks to function as a single block. 

• Mask 

The Mask tool group hides the display of blocks in a diagram to help lessen the 

complexity of the diagram. The tool group includes options to create, edit, 

remove and restore a mask. 



 

106 
 

• Orient 

The Orient tool group automatically positions selected blocks and links in a 

diagram. The tool group includes options to flip or rotate blocks. 

• Align 

The Align tool group automatically positions selected blocks and links in a 

diagram. The tool group includes options to align blocks to the left, right, top or 

bottom. 

• Center 

The Center tool group automatically positions selected blocks and links in a 

diagram. The tool group includes options to center blocks horizontally or 

vertically. 

Project Browser 

The Project Browser displays a tree view of all model data open in a current session. 

In this we can navigate between models, model hierarchy, and objects in the models 

such as blocks and superblocks. The tree includes a dedicated branch for all plots and 

scopes created in a current session. 

Property Editor  

The Property Editor displays the properties of a selected object and enables you to 

assign properties such as a name to various objects in a model. 

Command History 

The Command History window displays the OML command history for the current 

session. 

Variable Browser 

The Variable Browser provides access to all variables available for the current session. 
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Demo Browser 

The Demo Browser provides easy access to models and other model-related files. 

Accessing Files from the Demo Browser 

The tree of the Demo Browser lets you access files from designated directories. 

From the menu bar, select View > Demo Browser. 

The Demo Browser opens and lets you access the following types of files: 

• OML scripts that are authored or executed from the OML Editor. 

• Any .sclin or .scopt files that are authored or executed from the Linearization 

Editor or Optimization Editor. 

• Any .scm, .oml or .sclin files, or files in the demo directories that are 

associated with the installed toolboxes or libraries. 

Diagram Area 

The Diagram area is the workspace where you construct models using a hierarchical 

system of block diagrams, the blocks are dragged and dropped into the diagram area. 

The Diagram window lets you construct diagrams with user-defined blocks or 

predefined blocks from the software's block library. A variety of tools are available for 

editing diagrams in the modeling window, including an OML editor. 

OML Command Window 

The OML command window lets you enter individual OML commands to create or 

modify block definitions; create, edit or simulate models; manipulate elements inside 

of diagrams; and define functions for the pre- and post-processing of data required 

for model simulations. 

File Browser 

The File Browser displays the files in the current working directory. 
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The current working directory is the path displayed by the OML command pwd(), 

which is used by various OML functions that read or write external files with relative 

paths, such as the ReadTextFile() function. You can change the current working 

directory in the File Browser by applying the function cd() or navigating directories. 

Palette Browser 

The Palette Browser provides access to the library palettes which hold collections of 

predefined and user-defined blocks. The Palette Browser lets you display blocks as 

icons or objects in a tree view. The standard installation includes the Activate and 

Modelica palettes. 

Super Blocks 

What is a Super Block? 

A group of blocks combined into a child diagram of the parent model. The input, 

output ports on Super Block in upper level correspond to the Input, Output blocks in 

lower level. 
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Why Super Blocks? 

• To hide the complexity of diagrams 

• Easy readability and debugging options 

• The modular approach to building a complex model 

• Reusability of blocks as whole models, particular subsystems of models, and 

groups of blocks can be saved as super blocks, added to libraries and reused 

in new models 

Super Block Creation 

• Select a section of the blocks and click on super block icon. 

  

• Create an empty SB by right click on super block icon, here the Inputs/outputs are 

not automatically created 

 

 

 

To expand an Super Block, double left click on the super block or right click on the 

super block and click on expand the super block. Ctrl+z is the shortcut to delete the 

Super Block. 

Tip: Super blocks can be customized in appearance by assigning a visual image on top 

of the block. Use context menu “Image” or property area option to add images. 
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To Add Text Inside a Super Block 

Select the superblock and in property editor click on text, as shown below.  

 

Write the text as required, refer to the example below 

 

 

Selection Window Options 

• Left mouse + drag window from left to right (solid line for box). Selects anything 

within the box and touching 

 

• Left mouse + drag window from right to left (dashed line for a box).Selects blocks 

and links only fully within a box 
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Tip: Navigate in and out of super blocks by double clicking the block to get in or double 

click in the background to go out of the super block view to the parent diagram  

Expanding a Super Block 

Press Ctrl+z to expand the super block or right click on super block and click on expand 

super block option. 
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Ports 

The inputs/outputs to a standalone Super Block are provide by Ports 

 

• Create the super block, inside the super block add the input and output ports 

and connect. 

 

 

• Turn on port labels by turning on labels on “Port blocks” inside the Super 

Blocks click on the show name  

 

• Another way to set the port labels are select the input port block inside the 

super block, go to property editor and click on show name.  
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• Things to know 

• Ports are automatically numbered 

• Ports are automatically and evenly placed on block sides 

• Ports have default location based on they are input or output, and 

their type. However, Activate gives full flexibility  

• More on Input/Output Activation ports in the future section 

 

 

Model Creation and Organization 

 

• In the above figure, a new model is generated to manipulate one input variable in 

two different ways and on three hierarchical levels and the corresponding result 

variables are plotted.  

• The hierarchies can be seen in the Project Browser to the right. 
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Variable Definition 

There are two types of variable definition  

1. Internal definition 

• Global variable  

• Local variable 

2. External definition  

Global Variable  

The variables defined in model initialization are valid for the whole model  

 

 

Local Variable  

The variables defined in Context are valid at the model view level and lower ones. 
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Check of the Internal Variables 

To check the variable defined at that specific model view level and lower. 

 

 

External Definition 

• OML Editor 

• Defined directly in the Workspace 

OML Editor 

We can set and assign the values of the variables in OML Editor and access these 

values using “From base” block 

 

Defined directly in the Workspace 

The Variables are set and defined in Base Workspace and access these values using 

“From base” block 
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From Base Block to use the variable defined in the workspace 

 

 

 

Role of OML in Altair Activate 

Open matrix language (OML) is the standard scripting language supported in Altair 

Activate and Altair Compose. Some common applications for OML in Altair Activate 

models include: 

• Creating variables 

• Writing contexts 

• Writing block definitions 

• Interacting with models through the OML Command Window 

• Loading libraries 

Result Visualization 

Scope Block  
 

• Scopes are blocks that you can include in a model for plotting and 

monitoring simulation results. 

• A variety of predefined scope blocks are available in the Palette Browser 

from Palettes > Activate > Signal Viewers.  
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• With scope blocks you can plot signals versus simulation time or other 

signals. 

• Using the block’s default parameters, the Scope object windows are not 

shown 

 

 

Scopes offer 4 modes 

• Reuse (default) 

• Running again a simulation will use the same window (all settings) 

and replace curves by new curves 

• Overlay 

• Add the curve; old curves are not removed.  Useful to see how a 

curve changes when a model parameter change 

• New 

• Will create a new window for each simulation. All windows settings 

are kept. A new scope object is created each time, so a number is 

appended to the scope object name 
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• Recreate 

• Same as New but the previous objects are deleted. Since there is one 

object, no number is appended to the name 

 

• Things to know 

 

 

Use [-1 ; -1] for default size and automatic positioning 
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Subplots 

Sets up a plot grid with rows by cols subwindows and sets the current axes for 

plotting to the location given by index. 

 

 

Note: The subplot style should be a string and same as the format as Window name 

for example “plot 1”(within double quotes). If it is not same syntax error pops up as 

shown. 

 

 

 


